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Chapter 4 
 

Molecular Simulation 

 

4.1 Introduction 

 

With the development of high performance computing, molecular simulation methods are 

increasingly more and more relevant in science and technology. In this thesis we use 

molecular simulation methods to study some properties of shearing simple fluids. 

 

Statistical mechanics is an indispensable tool for studying the properties of materials at the 

nano/microscale. In theory, if we understand the interactions within and between molecules, 

we can obtain the material properties of substances from statistical mechanics. Except for 

some simple and ideal cases, analytic problems in statistical mechanics are either only 

soluble by approximate methods or else are intractable. Molecular simulation has a 

valuable role to play in providing essentially exact results for problems in statistical 

mechanics [All89, Han76]. For a given tractable model, material properties may be 

obtained from molecular simulation. Molecular simulation can be used as a test of theories. 

One can also compare the results of molecular simulation to those of real experiments, thus 

checking if the model is a good one. If the model is good, molecular simulation can also 

supply much useful information to both theoreticians and experimentalists in which both 

theory and/or experiment are currently difficult to perform. Simulation has therefore two 

functions: as a bridge connecting models to theory and as a bridge connecting models with 

experiment. 
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Given microscopic details of a system (such as atomic mass, molecular structure, 

interactions between particles, etc.) one can use molecular simulation to obtain 

macroscopic properties of the system (such as thermodynamic quantities, transport 

coefficients, equations of state, etc.). The relation between microscopic quantities and 

macroscopic quantities is both of academic interest and technologically useful. What is 

more, molecular simulations can give information on some important quantities which are 

not easy or even impossible to get from experiments. For instance, it is difficult to carry out 

experiments under extreme thermodynamic conditions. However, using molecular 

simulation, one can readily obtain quantitative results of, say, a shock wave experiment, a 

high-temperature plasma, a nuclear reactor, star evolution, and so on.     

 

One of the most common applications of molecular simulation is to predict the properties of 

materials, and this is most commonly done by employing both Monte Carlo (MC) and 

molecular dynamics (MD) computing methods.  

 

The Monte Carlo method is based on probabilities [Fre96, Sad99]. It does not follow the 

time evolution of configurations and therefore is devoid of dynamics. It involves the 

computation of probabilities of generating arbitrary molecular configurations. To simulate a 

fluid system, we allow the system to transit between different states of configurations. 

These transitions are achieved by the following three steps. Firstly a trial configuration is 

generated randomly. Then, one evaluates an ‘acceptance criterion’ by calculating the 

change in energy and other properties in the trial configuration. Finally, the acceptance 

criterion is compared to a random number to decide whether to accept or reject the trial 

configuration. To determine accurately the properties of the system in a finite time, it is 

important to sample those states that make the most significant contributions. This is 

achieved by generating a Markov chain. A Markov chain is a sequence of trials in which 

the outcome of successive trials depends only on the immediate predecessor. In a Markov 

chain, a new state will be accepted with a higher probability if it is more ‘favorable’ than 

the existing state. This usually means that the new trial state has a lower energy. 
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In Monte Carlo simulations, a trial configuration is often obtained by displacing, 

exchanging, removing or adding a molecule. Probabilities are also involved in determining 

the nature and extent of the attempted move. The transition probability is dependent on 

what ensemble is chosen, but it always involves evaluating the energy of the new 

configuration and comparing it with the energy of the existing (old) state. Note that if the 

attempted configuration is rejected, then the old state is counted again as the new state. 

 

4.2  Molecular dynamics 

 

The Monte Carlo method relies on transition probabilities. Molecular dynamics (MD), 

however, is different to the Monte Carlo method, in that new configurations are obtained by 

solving the equations of motion of the molecules [All87, Rap95, Sad99]. At first, a system 

of N particles is given an initial condition, that is, the coordinates and momenta of each 

particle. Then the equations of motion are used to calculate step by step the next sequence 

of coordinates and momenta. In this way, the system evolves dynamically in time and we 

can calculate the time average of phase variables. Because molecular dynamics follows 

time evolution, MD simulation can be used to obtain time-dependent properties of the 

system. Generally, the MD approach is intrinsically more numerically intensive than the 

Monte Carlo method and the program takes considerably longer time to run. 

 

Consider a system of N particles. The interaction between these particles is determined by 

the intermolecular potential u(r ,r ,…,r ). In a molecular dynamics simulation one needs 

to solve Newton’s equations of motion for classical systems: 

1 2 N

 

                                    iii m rF =                                                                              (4.1) 

 

These are second order differential equations. In practice, it is more convenient to express 

these equations as two first order differential equations, one involving time derivatives of 

the momenta, and another expressing time derivatives of the particle positions, 
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In general, the larger the size of the simulation system, the more accurate the simulation 

results will be. However because computer memory is limited and a large number of 

particles greatly increases computing time, the number may be from ten to several 

thousands, though we note that with teraflop computing now available it is possible to 

perform MD simulations of several hundred million atoms. In molecular dynamics, the 

force calculation occupies the majority of the simulation time. In every loop, the force 

computation time is proportional to the square of the particle number. Some special 

techniques may reduce this dependence to some degree ( eg. Cell neighbour lists can reduce 

this dependence from  to N [All89] ).  Clearly, if we increase the number of particles, 

the time of execution of the program will increase more rapidly.  

2N

 

The N particles (atoms, molecules or ions) may be confined by a container, which prevents 

them from drifting apart. But these arrangements are not good for the simulation of bulk 

liquids, due to surface effects. When one does such a simulation, there will always be a 

large fraction of molecules which lie on the surface of the cube containing these particles. 

Molecules on the surface will have different behavior from molecules in the bulk. 

 

To overcome the obstacle of surface effects, periodic boundary conditions are commonly 

applied. The original simulation cubic box, with the states of all the molecules within it, is 

replicated throughout the whole of space. The simulation box and the replicated boxes 

together form an infinite lattice. During the simulation, when a molecule in the original box 

moves, its periodic images in each of the surrounding boxes move in exactly the same way. 
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If a molecule leaves the central box, one of its images will enter the box through the 

opposite face. There are no walls at the boundary of the original box, and there are no 

surface molecules. Figure 4.1 shows the periodic boundary condition in two-dimensions. 

The number of molecules in the central box (and hence in the entire system) is conserved, 

and so are the “virtual” molecules in all the other periodic boxes. It is neither necessary nor 

possible to store the coordinates and the momenta of all the images in a simulation. In fact, 

there are an infinite number of such images. Instead we just need to record those of the 

molecules in the central box. All the coordinates and momenta of other images can be 

obtained from the translation of the central box. Periodic boundary conditions are often 

applied to simulate bulk properties, because they minimize the surface effects. 
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Figure. 4.1 Diagram demonstrating periodic boundary condition, 

 minimum image convention and cutoff. 
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Now we consider how to evaluate properties of systems subject to periodic boundary 

onditions. The main part of the molecular dynamics programs comprises the calculation of 

e potential energy of a system in a particular configuration, and the forces acting on each 

olecule. Consider how to calculate the force on molecule 1 in Figure 4.1, and the portion 

f the potential energy involving molecule 1. Here we assume that the potential is pairwise 

dditive, while the effect of three-body or higher level many body interactions can be 

nored. First, we include the interactions between particle 1 and all the other particles in 

e simulation box. In addition, we should include the interactions between particle 1 and 

ll the images in those replica boxes. So there are an infinite number of interactions all 

gether and it is impossible to calculate them all in practice. In order to deal with this 

problem, we often use an approximation called the “minimum image convention”. If the 

force is sh hile other 

interactions with far dis e 1 as a center, we can 

onstruct a box which has the same size and shape of the original box (see Figure 4.1, the 

ashed cube). We only consider the interactions between particle 1 and all the other 

c

th

m

o

a

ig

th

a

to

ort-ranged, we can only consider those particles close to particle 1, w

tant particles can be ignored. Taking particl

c

d

particles whose centers lie in this ‘minimum image convention’ box. There are only N-1 

summations involving particle 1 now. 

 

Under the minimum image convention, there are ( )1
2
1

−NN  terms involved in calculating 

the energy and force. For simulating a few hundred to several thousand particles, this is still 

computationally intensive. We can significantly reduce this task further by another 

approximation, that is, potential truncation. From the same consideration as ‘minimum 

image convention’, we know that for a short-range potential, the main contribution to 

energy and force comes from nearby particles. We can therefore truncate the potential at 

some distance, cr . We approximate the potential as zero at distances larger than cr . This 

truncation distance is also called cutoff distance. Of course, we should select a big enough 

cutoff distance to ensure it will not change the properties of the material significantly. We 

should also note that our cutoff distance must be not larger than half the box length to keep 

it consistent with the “minimum image convention”.     
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4.3 Intermolecular Potential 

 

he interacThe properties of a fluid are a manifestation of t tion between molecules. This 

interaction is quantitatively described by the system’s intermolecular potential. The 

calculation of the potential and subsequent force calculations is the most time consuming 

and crucial step in molecular dynamics. 

 

To evaluate the interactions between particles, we need to have a suitable potential function. 

In general, the system potential energy ( pE ) can be expressed as the following formula 

[Sad99]: 

 

            ( ) ( ) ( )∑∑ ∑∑ ∑∑
> >>>

+++=
i ij ijki i ij

rrrurruruE ,,,                      (4.4) kjijiip 321

-body interaction 

 

where the first term denotes the effect of external fields and other terms denote the 

interactions between particles. Among them,  is the potential between pairs of particles, 

otential part, makes most contribution to particle 

teraction and system energy. So usually we ignore higher order interactions. However in 

s is m, then, in one loop for calculating the potential, there are  terms to 

alculate. It is apparent that increasing the order of many-body interactions will rapidly 

increase the time necessary for simulation, which is the main reason why only two-body 

interactions are used. A common compromise is to use an effective two

(such as the Lennard-Jones potential), that, while being a pairwise additive potential, 

includes the spherically averaged effects of all orders of many-body interactions.     

2u

3u  is the potential between triplets, and 4u , 5u , etc, are due to quadruplets and quintuplets, 

respectively, etc..     

 

The two-body interaction, or pairwise p

in

some cases, three-body interactions may be important. The higher the order of the many-

body interaction, the more time is needed in the simulation. If the order of many-body 

interaction mN

c
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In our work we consider only effective two-body potentials. Many pairwise potentials have 

en developed and applied to atoms. Pai po ntials for atoms can be used in the molecular 

simulation of polyat

be r te

omic molecules and even macromolecules because molecules are 

omposed of atoms. Hence, the atomic pairwise potential is a foundation for evaluating c

molecular properties. 

 

The Lennard-Jones potential is probably the most widely used pairwise potential for 

molecular simulation [Han76]. The most common form of the Lennard-Jones potential is 
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where r is the interatomic separation, σ  is the collision diameter, which is the separation of  

e particle at which =0, and ε is the depth of the potential well at the minimum in ( )ru ( )ru . 

imulations [Wee71]. It has the form: 

th

The Lennard-Jones potential provides an adequate description of the interaction between 

pairs of inert gas atoms and also of some molecules. 

 

The Weeks-Chandler-Anderson (WCA) potential is another pairwise potential which is 

frequently used in molecular s
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The WCA potential is a modified Lennard-Jones potential. We truncate the Lennard-Jones 

otential at a value ofp  σ612=r , where the potential has the minimum value ε− . Then we 

shift the potential up a value ε , so at the cutoff distance the potential is zero. For distances 

beyond the cutoff the potential is also zero. The WCA potential has its own advantage. 
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Compared with the Lennard-Jones potential, it is extremely short ranged so it can save 

considerable simulation time than the long ranged Lennard-Jones potential. Compared with 

the hard-sphere potential, it is continuous and softer so it is more realistic than ideal. 

Furthermore, as the transport properties of fluids are dominated by repulsive interactions, 

e essential physics is still retained by the WCA potential.     

ate interatomic potential 

at is specific to the noble gases, such as krypton and xenon. The BFW potential has the 

following form 

 

                   

th

 

The Barker-Fisher-Watts (BFW) potential [Bar71] is a highly accur
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  is th

 interactions.  

 

rom the above description, we know in principle how to perform a molecular dynamics 

simulation. One can take N particles within a cube as a studied system and use periodic 

boundary conditions to reduce surface effects. When one evaluates the interaction between 

one particle i with all other particles j, one can use the minimum image convention and 

consider only those N-1 particles around this molecule in a space just equal to the original 

 

Here, rrx /=  where e interatomic separation at which the potential has the 

minimum value. The other parameters are constants for a particular atom obtained by fitting 

the potential to experimental data for molecular beam scattering, second virial coefficients, 

and long-range interaction coefficients. We note that the BFW two-body potential is a 

genuine two-body potential, not an ‘effective’ potential. As such it needs to be 

complemented with at least a three-body potential (such as Axilrod-Teller potential) for 

accuracy. However, in this work the properties of interest are dominated by two-body 

interactions [Mar00], and so we ignore inclusion of three-body

m mr

 

4.4  Neighbour list 

F
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cube. S inimum age convention can reduce the number of particles need to be 

considered from infinite in the whole space to just those in one cube. By using a cutoff 

radius, one can further reduce this number from one minimum image convention box to a 

sphere of radius cr , where the volume of the sphere is smaller than that of the cube.  

 

In every time step of a molecular dynamics simulation, we need to calculate the potential 

energy and forces. When we calculate these quantities associated with one particular 

molecule i, we first calculate the separations or distances between this mo

o the m im

lecule and all 

ther molecules in a minimum image convention box, so as to decide whether their 

separations are greater or smaller than the cutoff radius. However, during certain time steps, 

rticle i, ( the “neighbours” of particle i ) are not changed. So during 

ese time steps, we do not need to calculate the separations from i to every particle in the 

o

the particles close to pa

th

whole minimum image convention box. We only need to consider those close to i, or its 

neighbours whose separations from i are a little larger than the cutoff radius. After a certain 

number of time steps, we can update the neighbours. In this way, one can save time and 

increase the speed of the program.    

 

Here we describe the neighbour list method we used [All89]. In Figure 4.2, we enclose 

particle 1 within a sphere whose radius lr  is larger than the potential cutoff cr . Beyond cr  

there is thus a ‘skin’ or layer whose thickness is 0>− cl rr . We suppose that during a 

certain number o time steps, only the particles in this larger sphere may have sepaf ratio  

ithin the potential cutoff. 7, cannot penetrate the ‘skin’ and 

those particles appearing in the neighbour list for calculating the separations and selects 

those whose distances with particle are smaller or equal to the potential cutoff, and then 

separations. From time to time, the neighbour list is updated, and the cycle is repeated.   

 

ns

Other particles, like particle 

l

w

enter the region of the sphere with radius cr  during this time. So at the beginning of a 

simulation, we can make a list of the neighbours of each molecule which include all 

particles in the sphere of radius r . For the next few time steps, the program only considers 

i 

calculate potential energy and forces. This reduces the calculation of the minimum image 
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Figure 4.2 Diagram showing the construction of neighbour list. 

est 

ispl

‘skin’.  

 

the m

rge, then at every time step, there are still too many particles that need to be considered. If 

it is too small, ese two 

ituations the neighbour list is not effective. 

 

For the update of the neighbour list, one can fix the interval at about 10 to 20 time steps at 

the beginning of the simulation. However a better way is allowing the program to update 

the neighbour list automatically.  When a neighbour list is constructed, we begin to 

accumulate the displacements of each molecule. After some time steps, when the larg

4

5

1

3

7’ 

7 

6
lr  

d acement exceeds the thickness of the ‘skin’, lr - cr , then the particles outside the 

neighbour sphere can go through the ‘skin’ and enter the cutoff sphere. At this time, the 

neighbour list should be reconstructed again. Note that not only can the particles outside the 

neighbour sphere go in to the cutoff sphere; the particle i itself can also move outward. So 

the update criterion is that the largest displacement exceeds half of the thickness of the 

The choice of the thickness of the cover layer depends on the system studied. That is to say, 

agnitude of lr  should be appropriate. It should not be too large or too small. If it is too 

la

then the updates of the neighbour list are too frequent. In both of th

s

 

 

2

cr
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4.5 Green-Kubo relations 

The Green-Kubo relations were the first method used to calculate the Navier-Stokes 

transport coefficients from molecular dynamics simulations [Eva84]. Through the Green-

Kubo relations, one can calculate transport coefficients by observing fluctuations in 

equilibrium states. We can perform molecular dynamics simulations of an equilibrium 

system, 

 

and solve the equations of motion stepwise to follow the time evolution of the 

ystem. In the course of the simulation, thermodynamic fluxes such as the heat flux, the 

 for the self-diffusion coefficient, thermal 

onductivity, shear and bulk viscosities, respectively:  

 

    

s

pressure tensor, etc., will fluctuate about their mean values. By calculating the average of 

appropriate time correlation functions, we can obtain all the Navier-Stokes transport 

coefficients. 

 

The Green-Kubo relations are as follows

c
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Here < > denotes the equilibrium ensemble average. k  is the Boltzmann constant. ( )tiv  is 

the velocity of particle i at time t and ( )0v  is the velocity of particle i at time zero. V is the 

xyxy

>><−><−<= ∫ 00 pVVppVtVtpdtη
∞

                           (4.11) 

i

xvolume of system.  is the heat flu  vector. is the off-diagonal element of the QJ xyP  

pressure tensor and ρ  is the density. 
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The biggest drawback of the Green-Kubo method is that it takes a very long time. The 

Green-Kubo relations involve computing time correlation functions. This must then be 

integrated from zero to infinity. In practice, we can not integrate to infinity because of the 

numerical nature of these calculations. If the time correlation function decays with time 

rapidly, can truncate the integration

time correlation functions decay with time slowly. This means that a significant part of the 

transport fficients is contributed

requiring sufficiently long times to reach convergence. The other disadvantage of the 

Green-Kubo relations is that they can not be used for systems that are

we introduce nonequilibrium molecular dynamics 

EMD) [Eva84, All89]. By ‘nonequilibrium’ we mean a fluid away from equilibrium and, 

ratio is very small. This is undesirable for the evaluation of transport coefficients. This 

roblem is more serious at long times, which contributes a significant portion to transport 

simulation systems, there is a time limit 

beyond which we can not get a trustworthy time correlation functions [All89]. 

 

we  at a reasonable time. However, the Green-Kubo 

 coe  by the long time tail of the correlation function, thus 

 far from equilibrium. 

 

4.6 Non-equilibrium molecular dynamics 

 

In the above sections, we only discussed the molecular dynamics of systems at 

thermodynamic equilibrium. Now 

(N

in particular, those systems that have attained a nonequilibrium steady state. One 

motivation for developing nonequilibrium molecular dynamics is to improve the efficiency 

of calculating transport coefficients, because the Green-Kubo method is time consuming 

and subject to large statistical errors. Another motivation is to develop a method which can 

directly study systems far away from equilibrium, that is, outside the linear response regime.  

 

Green-Kubo relations describe the response of systems to natural fluctuations within 

equilibrium systems. Because such a system is at thermodynamic equilibrium, on average, 

system properties will not fluctuate far from their mean values. Hence the signal-to-noise 

p

coefficients. And because of the finite size of 
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On the contrary, in nonequilibrium molecular dynamics a much larger fluctuation, or 

perturbation, is induced artificially. Thus, the signal-to-noise ratio for the system response 

is improved remarkably. We can measure the steady state response to such an external 

perturbation with high accuracy and overcome the long time tail problem. 

 

In the early days of molecular simulation, inhomogeneous nonequilibrium molecular 

dynamics methods were used to calculate transport coefficients. These methods closely 

maintain the 

ystem in a homogeneous nonequilibrium steady state, were developed. 

 relaxation these 

elds need to continuously perform work on the system. This work will heat up the system. 

ting a simple one-

omponent atomic fluid undergoing planar Couette flow. The equations of motion are: 

 

imitate the conditions in real experiments [Hoo75]. To maintain the system in a 

nonequilibrium steady state, these techniques require boundary conditions (for example 

sliding walls, heat reservoirs, etc.). On microscopic length scales, this leads to very strong 

inhomogeneities in the fluid density because the size of the simulated system is comparable 

with the range of the interatomic interactions. An alternative to boundary driven flow is to 

apply a spatially varying external field. But this also induces strong inhomogeneities. To 

overcome this problem, synthetic algorithms, which use artificial forces to 

s

 

In synthetic NEMD methods, we can use an external force field to perturb the system away 

from equilibrium. The force fields maintain thermodynamic fluxes or gradients in the 

system and prevent relaxation to the equilibrium state. To prevent this

fi

To keep a steady state we thus need to remove this heat from the system. So in steady-state 

NEMD we often use thermostat algorithms to remove the heat produced by synthetic fields 

and maintain the system at a fixed temperature. The usually used thermostat methods are 

the Nose-Hoover thermostat [Hoo82, Nos84a, Nos84b] and the Gaussian thermostat 

[Eva85]. In this thesis we have used the Gaussian thermostat. 

 

4.7 SLLOD algorithm and Lees-Edwards periodic boundary conditions 

 

We use the thermostatted SLLOD algorithm [Eva84, Eva90] for simula

c
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eriodic b itions, such as Lees Edwards periodic boundary conditions, 

i
i

i m
p

              iyiii p piFp

yγir +=                                                                                        (4.12) 

αγ −−=                                                                             (4.13) 

 

where ip  is the ‘peculiar’ (or thermal) momentum with respect to the streaming velocity u 

of particle i. i is the unit vector in the x-direction. The thermostatting term, p iα , enables the 

system to reach a steady state by removing the dissipative heat produced irrev rsibly by the 

driving shearing force. Here we employ the Gaussian isokinetic thermostat in which the 

thermostat multiplier α is calculated as: 

 

              

e

weight, the thermostat in Equation 4.13 is not valid. When the strain rate is very strong, the 

assumption of a stable streaming velocity profile is incorrect. For atomic fluids one can use 

profile unbiased thermostats (PUT) to overcome this problem [Tra95]. In molecular fluids, 

it is suggested to apply a configuration

∑
=

i

i

p 2α
∑ −• pp )( γpF

i

 

yixiii

                                                                   (4.14) 

he above SLLOD equations have the beneficial property of transforming a boundary 

driven flow into one that is driven by a smooth mechanical force. When implemented with 

suitable p oundary cond

they generate homogeneous isotherm

elongational viscosities a relatively simple task. 

 

We should notice that in the strongly nonlinear regime or for molecules of high molecular 

al temperature thermostat, because this thermostat 

oes not make any assumption about the streaming velocity profile and it accounts for all 

degrees of freedom [But98, Del01]. 

 

We now introduce the Lees Edwards periodic boundary conditions [Lee72, All87, Eva90]. 

T

al flow, making extraction of the shear, bulk or 

d
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Figure 4.3 illustrates an infinite periodic system subjected to shear. It has the appearance of 

bricks sliding across one another. The central box is the simulation box. The boxes in the 

middle layer are stationary. Boxes in the lower layer move in the negative x direction at a 

velocity of - Lγ , where L is the box length. The boxes in the upper layer move in the 

positive x direction at a velocity of + Lγ .  

 

In time t, the upper layer has a shift of + Ltγ  in the x direction relative to the middle layer. 

The lower layer also has the same shift in the negative x direction. 

 

 

 

 

 

 

 

 

 

We note here that in Figure 4.3 the central box is the actual simulation box, whereas all 

others are periodic images of it. Thus, at time t, if a particle crosses the lower boundary at 

, it will re-emerge through the 

 

 

 

 

 

 

 

Figure 4.3 Representation of a shearing cell under the 

Lees-Edwards periodic boundary condition. 

2Ly −= 2/Ly +=  boundary with a shift of + Lγ t in the x 

direction, and a streaming velocity Lγ  will be adde

ilarly, when a particle crosses the upper boundary at 

d to it. Note that the peculiar velocities 

do not change. Sim 2/y L+=

/

, it is 
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transformed through with a shift of2/Ly −=   Lγ t in the negative x direction, and loses a 

streaming velocity of Lγ . 

 

We should note that when the uppe ent of +r layer has a displacem

LtnL < γ

t which is no

, n

nL

peri

e

 predicts 

on e ne

MD cannot 

e used in t

 transient time 

r, the princ

vi

w

-Kubo relations to the full nonlin

“minimum image convention”, we need to account for the shift in the x direction when 

particles interact with image particles. 

4.8 Transient time correlation function and mapping 

 

Mode-coupling theory asymptotic beha our in the limit of zero field. To  check 

the stress-strain relati , w

J(0) is the l

itLγ  larger than a box 

length, for example, ( )Ln 1+< r, then the par

t + itLγ , but which is this value m nus a whole number 

multiple of box lengths . For the lower laye iple is the same. 

 

The other aspects of ut of the left/right 

oundaries) are the sam  as in equilibrium. However, we note that when we use the 

 

ed to calculate those quantities in very weak fields. We 

now that direct NE be used in the eak field limit because in this situation the 

he weak field 

theory. It generalizes the Green ear regime in a simple way. 

 

ed in terms of a 

nonequilibrium correlation function [Eva90] 

 

where 

i

signal to noise ratio is very low. The transient time correlation function (TTCF) method, on 

the other hand, can b limit [Eva90]. TTCF is a nonlinear response 

In the TTCF formalism, an arbitrary phase variable B(t) can be express

 is a intege ticle reappearing 

at +L/2 will get a shif

odic boundary conditions (eg, particles moving o

b

k

 

             ( ) (0) ( ) (0) ,
t

eB t B F ds B s Jβ< >=< > − < >∫                                                (4.15) 
0

kT/1=β , and  dissipative f ux at t = 0, which is itself related to the 

. Here T is the temperature of adiabatic rate of change of the internal energy due to the field
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the system. The angular brackets indicate time averages. This formula assumes that the 

[Eva88] 

 

               

applied external field eF  is time independent. It is important to notice that the above 

equation describes the correlation of a nonequilibrium phase variable B(t) at some time t, 

with a dissipative flux value in equilibrium at the starting time.     

 

For planar Couette flow J is the negative of the shear stress P  times the system volume V xy

free equi

( ) FyJFH xii
yixi

e
ad γ  +−=−= ∑0

.VP

m
pp

xy

i

γ−=








                                                  (4.16) 

 

where  is the system internal energy.  is the x direction component of force exerted 

icle i by o

 

If a canonical ensem le (or isothermal ensemble) of systems is suddenly subject to a 

constant shearing deformation at t = 0, then, the formula (4.15) becomes: 

 

0H xiF

e

on part ther particles.  

              ( ) ( ) ( ) ( )0 0
t

xyB t B V ds B s Pβγ

b

< >=< > − < >∫                                         (4.17) 

 

To calculate the transi t time correlation function, it is necessary to first generate a field 

librium molecular dynamics trajectory. At fixed time step intervals along this 

trajectory, we take the phase state (coordinates and momenta) as starting points of new 

‘daughter’ NEMD trajectories. In this way we generate many starting points. From each 

eld to the system and run a nonequilibrium 

trajectory of  tim s. We can run many nonequilibrium trajectories and take 

averages ov e equilibrium time steps should be long enough to 

ensure that the starting points are not correlated. Likewise, the nonequilibrium time steps 

en

starting point we can add a constant shear fi

e step

ese trajectories. Th

0

eN  

nN

er th N  
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n  

urt

calcu

du

 

From one initial starting phase Γ = (x, y, z, xp , yp , zp ), we can obtain four starting phases  

by using the mappings IM , TM , YM  and KM  [Eva90]; 

 

                   )(][II pppzyxM ,,,,,== ΓΓ                                                                 (4.18) 

zyx
TT

zyx

              )(][ zyx pppzyxM −−−== ,,,,,ΓΓ                                                         (4.21) 

 

     

or 

ha

ho

N should be long enough too, to ensure that the system relaxes to a nonequilibrium steady 

her-more, we can use ‘phase space mapping’ to improve the efficiency of the 

ransient time correlation functions. The use o

advantages: (a) it can generate a group of starting phases from one phase state; (b) it can 

ce statistical uncertainty.   

state. 

 

F

lation of t f phase space mapping has two 

re

zyx

the statistic nsient correlation integral. This procedure 

                                                                            (4.19) 

                                                                              (4.20) 

planar Couette flow these four phases give four different starting states, and lead to four 

se space mapping has another function. Consider Eqn. (4.17). The correlation kernel 

)(][ pppzyxM −−−== ,,,,,ΓΓ

minimizes s tegration of Eqn. (4.17) results in error 

)(][YY pppzyxM ,,,,, −−== ΓΓ

accumulation at long tim  this by using the phase space mapping in 

KK

F

different nonequilibrium trajectories from the single equilibrium phase point Γ. Each of 

these phase states appears with the same probability because the Hamiltonian 0H  is not 

changed under these mappings. 

 

P

function is ( ) ( ) >

ting tim

< 0xyPtB . At long time, the phase variable B will not correlate to the shear 

stress value at the sta e, and ( ) >< 0xyB  becr ( )Pt omes ( ) ( ) >><< 0xyPtB

ilibrium  in such a way that ( )0 0≡>< xyP , we could m

. If we 

ose equ  starting states Γ inimize 

al errors in calculating the tra

tatistical error because numerical in

es. We can accomplish

c
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pairs. In the the same shear stress xyP , and YΓ , KΓ   above four mappings, ,  have 

ave the shear stress . Their di egative symbol, but the m

IΓ TΓ

fference is a nxyP− agnitude is the 

xy

work, we choose  mappings. Γ  and Γ

h

same. If we choose the mappings in pairs such that one has positive shear stress and the 

other has negative shear stress at time zero, we can guarantee that ( ) 00 ≡>< P . In our 

I Y

 


