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1 Introduction

The aim of software testing is to reveal errors in a program. Normally, after performing testing on a
program, we still cannot say the program is fault free. However, fault-based testing is proposed as
a technique to detect hypothesized fault in the program under test. More precisely, when test cases
generated by fault-based testing strategies cannot reveal program failures due to the hypothesized
fault, we can claim that the hypothesized fault does not exist in the program. Many fault-based

testing techniques have been proposed [2, 3, 11, 12, 17].

Recently, the detection conditions of hypothesized faults have been studied [1, 5, 9, 15]. The de-
tection conditions of hypothesized faults are mainly used in two perspectives. First, they are used
to develop test case selection strategies to detect particular types of faults. In [1], Chen and Lau
proposed three test case selection strategies based on fault detection conditions of seven types of
faults. Second, the detection conditions are used to build fault class hierarchy. Fault class hierarchy
establishes relationships between different types of fault classes. For example, if any test case that
can detect fault class A can also detect fault class B, then A is put in the lower part of the hierarchy
tree than that of B. Kuhn [5] and Lau and Yu [9] used fault class hierarchies to explain the empirical

results for existing fault-based testing methodologies.

Most research on detection conditions assume that various types of hypothesized faults may occur
in a program. However, when they study the fault detection conditions, they assume that only a

single hypothesized fault can occur in the program.

On the contrary, many empirical studies on software faults show that, in practice, multiple faults
occur more often in programs [10, 16]. Previous research on multiple faults [4, 12] studied the fault
coupling effect of double faults. Double faults being occurred in a program is a special instance of
multiple faults. When two faults combined in such a way that they cannot be detected using test

cases that detect the faults in isolation, we say that the two faults are coupled together. The study of
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fault coupling effect of double faults is mainly from the empirical perspective and is on the chances

of a test set can detect the double faults provided that it detects two individual faults in isolation.

Recently, Lau and Yu extended their study on using fault class hierarchy to study double faults
related to terms [8]. They found that test case that detects some particular classes of faults in
the lower part of the hierarchy can detect double faults which involve these classes of faults and
faults in the upper part of the hierarchy. For example, if a test case that can detect fault class A
which is lower than fault class B in the fault class hierarchy, then the same test case can detect the
double fault involving fault classes A and B, denoted as A x B. In [7], Lau et al. further study the
detection conditions of double faults related to terms. Five different types of single term faults are
considered. They found that all double faults formed by these single term faults can be guaranteed
to be detected by any test case selection strategy that subsumes the BASIC meaningful impact

strategy proposed in [17].

In this report, we study the detection conditions of double faults related to literals. Different from the
results in double faults related to terms, our analysis of the detection condition of double fault related
to literals shows that existing test case selection strategies are insufficient in detecting double faults
related to literal. Therefore, new test case selection strategies have been proposed to supplement

existing test case selection strategies to detect the studied double faults.

The rest of the report is organized as follows. Section 2 introduces the notation and fault classes
studied in this report. Section 3 presents double fault classes and their corresponding faulty imple-
mentations. Section 4 analyses fault detection conditions of studied double faults classes. Section 5
investigates the existing test case selection strategies in detecting double faults classes related to
literals. Section 6 proposes a family of test case selection strategies. Section 7 concludes the

report.
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2 Preliminary

2.1 Notation
In this report, we use ‘-, '+’ and ‘=’ to represent Boolean operators, AND, OR and NOT, respectively.
Usually, ‘- is omitted whenever it is clear from the context. We use 1 and 0 to represent the truth

values ‘TRUE’ and ‘FALSE’, respectively. The set of all truth values, that is {0,1}, is denoted by B.

Let S be a Boolean expression in disjunctive normal form
S=pi+-+pm

where m is the number of terms, p; = x/ - - -x;;l_ is the i-th term of S, xj. is the j-th literal in p;, and
ki is the number of literals in p;. A Boolean expression is in irredundant disjunctive normal form if
(1) none of its terms can be omitted from the expression; and (2) none of its literals can be omitted

from any term in the expression.

Let S be a Boolean expression having n variables, the input domain is the n-dimensional Boolean
space B". True points are those that cause S evaluates to 1. The set of all true points of S is
denoted by TP(S). A true point of the term p; in S is a point that makes p; evaluates to 1. The set
of all true points of p; in S is denoted by TP;(S). Hence, TP(S) = |J; TP;(S). A unique true point of
piin S is a true point of S that makes (1) p; evaluate to 1; and (2) all other terms evaluate to 0. The
set of all unique true points of p; in S is denoted by UTP;(S). The set of all unique true points of S

is denoted by UTP(S) and UTP(S) = |J; UTP;(S).

False points of S are those that make S evaluates to 0 and the set of all false points is denoted by
FP(S). A near false point of the j-th literal xé. of the i-th term p; in S is a false point that makes (1)
xz. evaluates to 0, and (2) all other literals in p; evaluate to 1. The set of all near false points for the
j-th literal xz- of the i-th term p; in S is denoted by NFPZ-_JT(S). The set of all near false points for

the i-th term p; in S is denoted by NFP;(S). Therefore, NFP;(S)= U; NFP; ;(S). The set of all near
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false points of S is denoted by NFP(S) and NFP(S) = |J; NFP;(S).

2.2 Fault Classes

In this report, we only consider four fault classes related to literals in a Boolean expression. Let S be
a Boolean expression § in irredundant disjunctive normal form. Suppose a fault F' changes a subex-
pression E into a subexpression E’. The resulting faulty implementation, referred as single-fault
expression, is denoted by Iz /). The single-fault expression differs from the original expression
by one syntactic change and is not equivalent to the original expression. The following four fault

classes related to literals in a Boolean expression are studied in this report:

1. Literal Negation Fault (LNF): A literal in a particular term in the Boolean expression is re-
placed by its negation. For example, the Boolean expression ab + cd + ef may be wrongly
implemented as @b+ cd +ef. If the literal x; of the i-th term, p; of S is wrongly implemented
as its negation where 1 < j < k; and k; is the number of literals in p;. The implementation,
denoted By I nF(p—p, ;) = P1+++ Pi1 + P j+ Pit1 + -+ pm. AS reported in [9], when
pi contains just one literal, the negation fault is considered as a term negation fault rather

than a literal negation fault.

2. Literal Omission Fault (LOF): A literal in a particular term in the Boolean expression is omitted.
For example, the Boolean expression ab + cd + ef may be implemented as ab+cd +e. If
the literal xS- of the i-th term, p; of § is omitted where 1 < j < k; and k; is the number of literals
in p;, the implementation is then equivalent to ILOF(p,-Hp,-J) =p1+- o+ pi-1+p ptpivl T+
---+ pm. As reported in [9], when p; contains just one literal, the omission fault is considered

as a term omission fault rather than a literal omission fault.

3. Literal Insertion Fault (LIF): A literal not appearing in a particular term of a Boolean expres-

sion is inserted into that term. For example, the Boolean expression ab + cd + ef may be
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implemented as abc + cd + ef. If the literal x; which does not appear in the i-th term p; of S
(that is, x,% ¢ x{,...x; ) and is inserted into p; where k; is the number of literals of p;, the

implementation is then equivalent to Iy ;g (p, . px;) = P1+ -+ pi—1 + pixi + piv1+- -+ Pm-

4. Literal Reference Fault (LRF): A literal in a particular term of a Boolean specification is re-
placed by another literal not appearing in the term during the implementation. For example,
the Boolean expression ab + cd + e f may be implemented as ac + cd +ef. If the literal xi. in
the i-th term p; of S is replaced by the literal x; which does not appear in p; (x, % & xi,...x} )

where 1 < j < k; and k; is the number of literals in p;, the implementation is then equivalent

o ILRF(P:‘HP,-,;M) =p1t-tPi-1 TP Xt Ppiv1t Tt P

2.3 Existing Strategy for Single Fault Detection

There are many test case selection strategies for detecting single faults in Boolean expressions
including the BOR strategy [14, 13], the BASIC, MAX-A and MAX-B meaningful impact strategies
(or simply the BASIC, the MAX-A and the MAX-B strategies) [17] and the MUMCUT strategy [18].
Since the BOR strategy requires every variable in the expression to occur only once, it is not widely

applicable to all Boolean expressions in IDNF.

In the following, we review the four strategies studied in this report, namely, the BASIC, MUMCUT,

MAX-A and MAX-B strategies. Let S(= p; + -+ pm) be a Boolean expression in IDNF.

1. The BASIC strategy requires to select (1) one point from UTP;(S) for every i; and (2) one

point from NFP; 7(S) for every possible i and j pair.

2. The MUMCUT strategy is a combination of three test case selection strategies which are

MUTP, MNFP and CUTPNFP strategies. The three strategies are:

(@) MUTP strategy requires to select unique true points from UTP;(S) such that all possible
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truth values (that is, 0 and 1) of every literal not occurring in p; are covered, for every i.

(b) MNFP strategy requires to select near false points from NFPZ-J(S) such that all possible
truth values of every literal not occurring in p; are covered, for every possible i and j

pair.

(c) CUTPNFP strategy requires to select one unique true point from UTP;(S) and one near
false point from NFPiJ(S) such that they only differ at the truth value of j-th literal of p;,

for every possible i and j pair.

3. The MAX-A strategy requires to select (1) all points from UTP;(S) for every i; and (2) all

points from NFP; 7(S) for every possible i and j pair.

4. The MAX-B strategy requires to select (1) all points from UTP;(S) for every i; (2) all points
from NFP; ;(S) for every possible i and j pair; (3) [log,(|OTP(S)|)] points from OTP(S)
where |OTP(S)| denotes the size of OTP(S) (one point is selected if OTP(S) is a single-
ton set); and (4) [log,(|RFP(S)|)| points from RFP(S) where |RFP(S)| denotes the size of

RFP(S) (one point is selected if RFP(S) is a singleton set).

It should be noted that the MAX-B strategy subsumes the MAX-A strategy, which in turn subsumes
the MUMCUT strategy; which in turn subsumes the BASIC strategy. A test selection criterion A is

said to subsume another test selection criterion B if a test set satisfying A always satisfies B.

It has been shown in [1] that the BASIC strategy cannot guarantee to detect LIF and LRF. However,
in [7], the BASIC strategy, and hence any strategy that subsumes it, can guarantee to detect all

double faults related to terms.
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3 Double Faults

Multiple occurrences of fault classes may result in faulty expressions which differ from the original
expression with several syntactic changes. For example, abce + ade differs from abc + de by two
syntactic changes. An expression which differs from the original expression by more than one
syntactic change is said to contain multiple faults. In this paper, double literal faults are defined as

two occurrences of single literal faults.

There are possible two situations when two single faults are committed in a program. For the first
situation, the two faults, no matter which occur first, will result in the same faulty expression. Such
situation is referred as double fault without ordering. The second situation, the first fault may affect
the occurrence of the second fault, therefore, the resulting expression may differ once the order of

the two faults is changed.

As reported in [6], of the four single fault classes studied in this report, there are 10 classes of
double faults without ordering resulting in 19 different double-fault expressions. A double-fault ex-
pression is an expression that (1) differs from the original expression by two syntactic changes and
(2) is equivalent to neither the original expression nor any faulty expression with a single fault. For
the case of double faults with ordering, there are 16 double fault classes resulting in 30 possible
double-fault expressions. Lau and Liu [6] found that two faulty expressions of double fault without
ordering are actually equivalent. Moreover, all 30 possible faulty expressions have their correspond-
ing counterparts in double fault without ordering. Hence, the 19 different double-fault expressions

due to double fault without ordering can represent all double faults related to literal [6].

For any two single fault classes A and B, we use the notation A x B to denote the double fault class
formed from A and B, that is, the class of faults due to the occurrences of two faults: one fault of
class A and another fault of class B. Given a Boolean expression S, suppose two faults A and B

are committed on the expression changing E; and E; in S to E{ and Eé respectively, the resulting
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faulty expression (or, implementation) is denoted as I, (E1—E!)x F (Ey—EJ)-

Table 1 shows the double fault classes and their corresponding faulty expressions. Let us consider
the row corresponding to LNF x LOF in Table 1. Let S be a Boolean expression in IDNF. There are
two subcases. First, the literal x;ll of the ij-th term, p; , in S is negated and the literal x’fz of the ip-th
term, p;,, in § is omitted. Without loss of generality, we may assume that i; < i;. The double-fault
expression is equivalent to py +---+p; 5 +--- tPi 5t 1 Pm Second, the literal x?l of the

i1-th term, p;,, in § is negated and the literal x’]l2 of p;, omitted. Without loss of generality, we may

assume that j; < j». The faulty expression is then equivalent to p; +- - - +p; + -+ pm Where

7]Tl af2

Piiiih denotes the term obtained from p;, by negating its j;-th literal and omitting its j>-th literal.

4 Detection Conditions of Double Faults

The detection conditions of hypothesized faults have been studied recently [1, 5, 9, 15]. Let S be a
specification and I be the expression which differs from S by several syntactic changes. Whenever
S and [ evaluate to different values, they can be distinguished from each other. The detection
condition of I with respect to S is a condition that makes S and I evaluate to different values. As
a result, the Boolean exclusive-or operator XOR, denoted as @, can be used to find the detection

conditions. In short, the detection condition can be derived from S & 1.

In this report, we will concentrate on double faults related to literals. As discussed previously, 19
double-fault expressions described in Table 1 can represent all double faults related to literals. In the
rest of this section, we consider the detection conditions of these double-fault expressions. Instead
of simply presenting the Boolean expression S @ I as detection conditions, we present them as
conditions satisfied by test cases in B". Since such categorization is based on certain properties of
test sets, it helps to identify and develop test case selection strategy to detect such double faults in

Table 1.
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Table 1: Double fault and double-fault expression (S = p1+ ...+ pm)

Fault Class Double-fault Expression
LNF x LNF Case 1 (i1 <ix): pi+-—+py 7+ +pyj+ - +Dn (1)
Case2 (j1 < jo): p1+-+pyj5+ +pPm (2)
LNF x LOF | Case 1 (i1 <i2): p1+ - +p; 5+ +py 5+ +Pm (3)
Case2 (i < jo):p1+-+p; 55+ +Dm (4)
LNF x LIF Case 1 (i1 <i): p1+-+pyj+ +PiX,+ +Pm ()
Case 2: p1+---+p;, 5%+ + Pm (6)
LNF x LRF Case 1 (i1 <i): pi+-+p; 7+ +Py 2 X+ + P (7)
Case 2 (j1 < jo): p1+-+py 7, 35X+ + Pm (8)
LOF x LOF | Case 1 (i1 <i2): p1+---+p; 3+ +p, 5+ +pm (9)
Case 2 (j1 < jo): p1+-+p; 53+ +DPm (10)
LOF x LIF (i1 <i):pr+-+p 5+ +PiXy+ o+ Pm (11)
LOF ™ LRF Case 1 (i1 <i):pi+--+p; 3+ +p, X+ +Pm (12)
Case2 (j1 < j2):p1+-+p; 5 2 X+ +DPm (13)
LIF x LIF Case 1 (i1 <i2): p1+---+pixi,+ - +PiXi, ++ Pm (14)
Case 2: pi+ -+ pi, XX, + -+ Pm (15)
LIF x LRF Case 1 (iy <i2): pi+--+pixy+-+p, s X+ +pnm (16)
Case 2: pi+-+p; 2X,X,+ + P (17)
LRF x LRF Case 1 (iy <i): pi+-+p; 3%+ +py 2%+ +Pm (18)
Case 2 (j1 < j2): p1 +o Py XXt A P (19)
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4.1 LNF with other Faults

Theorem 4.1 (LNF with LNF - Case 1)

LetS = p1+---+ pm be a Boolean specification in irredundant disjunctive normal form.

Suppose

that two literals xz.ll intheiy-thterm, p;, in$S andx% inthe iy-th term, p;,, in S are negated where 1 <

i1 <ip<m,1<j; <k, 1< js <k, andk; (> 1) andk;, (> 1) are the numbers of literals
Piy, respectively, the resulting expression denoted as Iy yp( Pty —piy j,)SLNF (piy—pyy )
to that given by double-fault expression (1) in Table 1. Then, S # ILNF(pi1

and only if there is a test caset that satisfies any of the following conditions:

1. 7€ TP; (S U TP;(S)) such that p;, ;,=0,
17511 in

2. 7€ TP;,(S U TP;(S)) such that p;, 5, =0,
l7511 in

3. 1€ NFP; ;/(S), or

4. 7€ NFP, 5 ().

Proof : First, we observe that S@ILNF(p,»] —pi, 7 )LNF (piy =y, 3,)

= ((pil +Pi2) D (pthTl +pi2,f2))p_1 o 'pil—lpil-i-] o 'piz—]ﬁiz-H o ﬁm

((
((

Piy +pl2 pll ]1p12 J2+pllp12(pll7_]1 +p12 ]2)) D1 "'ﬁil—lﬁiﬂ—l "'ﬁiz—lp_iz—Q—l “*DPm

(PiyPiy 7, + Piy jy Pi t Piy j, Piy Pi + Piy 7, Piy Pin ) P1*** Piy—1Diy 41+ Piy—1Dip+1"** Pm
(By making use of (AB)(AB) = AB)

= Pi\Piy, j, P1° " Diy—1Piy+1 """ Piy—1Piy+1 """ Pm + Dy, 5, PiyP1 " Piy—1Piy+1 """ Pip—1Dip+1 "

—Diyj ) NLNF(pi2—>pi2_jv2)

pi + i) (Pi, , ¥ Piygy) + (i ¥ Pi)(Piy 5, + Pin.y)) Pree Piy—1Piy 1+ Piy—1Pin 41

of p;, and

is equivalent

if

+Di, j,P1 " Piy—1Piy Piy+1 """ Diy—1PiyPin+1 " Pm T Piy 5, P1 -+ Piy—1Piy Piy+1 " Pia—1Pir Di+1"** Pm

= PiyPiy, j, P11 Diy—1Diy+1 " Piy—1Pir+1 " Pm + Dy 5, Pin D1 Piy—1Piy+1 """ Piy—1Dip+1 "

+pi17f1S+pi2-,f2S
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Now, S() # ILNF(pi,—pj, j,)%LNF (piy—p;y ) (7)

if and only if  S(7) DILNF (piy—p, ;) LNF(I,PPM)(?) =1

ifand only it pi\ Py, 7,P1+** Piy—1Diy+1"** Piy—1Dir+1° " Pm + Pi, j,PiaP1 - Diy—1
i1 Pi—1Piy+1° -~ Pm+ Py, ;S + Piy 7,5 evaluates to 1 on 7

if and only if 7 satisfies any of the following conditions:

1.7€TP;(S)\ ( 6 TP;(S)) such that p;, 7 =0,
i;a}iz
m
2. 7€ TP, (S)\ ( |J TPi(S)) such that p;, 7 =0,
l;?l}iz

3. 7€ NFP;, 5/(S), or

4. 7€ NFP, ;,(S).

Hence, the result follows. O

Theorem 4.2 (LNF with LNF - Case 2)

Let S = p1+---+ pn be a Boolean specification in irredundant disjunctive normal form. Sup-
pose that two literals )c"]-ll and x’]l2 in the iy-th term, p;, in S are negated where 1 < i; < m,
1 < ji < ja <k and ki, (> 1) is the number of literals of p;,, the resulting expression denoted
as ILNF(Pn-’IJil,jl)N LNF(pi, ~pi, 7,) is equivalent to double-fault expression (2) in Table 1. Then,

S Z# Irnr( Piy—pi, 7, )RLNF(piy =pi, 7,) if and only if there is a test case T that satisfies any of the follow-

ing conditions:

1. 7€ UTP;(S), or

2. 1€ FP(S) such that p; 7, 5, = 1.

where Piiivh denotes the term obtained from p;, by negating its ji-th and j»-th literals.
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Proof : First, we observe that S@ILNF(p,-l i 1 VRINE(piy =y )
= (Piy ® piy,jy,p)P1 - Piy—1Diy 1+ P
= (Pilﬁil,jl,jz +ﬁi1pi1,f1,j2)ﬁl e Pi—1Pi41 P
= (i, + Pi iy j, j,)P1 " Pir—1Piy1** P
(By making use of (ABC)(A-B-C) = ABC)

Now, S() # ILNF(p,-lﬂpiljl)NLNF(p,'Ile-lJz)(?)
if and only if  S(7) & Inr —piy ;) HLNF (pi, Hp,.l_jz)(?) =1
if and only it pi, p1--- iy 1Piy 41 Pm+ Py, 7,.5,S evaluates to 1 on 7

if and only if 7 satisfies any of the following conditions:
1. 7€ UTP;,(S), or

2. 7 € FP(S) such that p;, 1.

Jij2 =

Hence, the result follows.

Theorem 4.3 (LNF with LOF - Case 1)

Let S=p1 + --- 4+ pm be a Boolean specification in irredundant disjunctive normal form. Suppose

that the literal xi.‘l in the ii-th term, p;,, in S is negated and the literal x’fz in the ir-th term, p;,,

in S is omitted from p;, where 1 <iy <ip <m, 1 < ji1 <k;;, 1 < j» <k, and k;;(> 1) and

ki,(> 1) are the numbers of literals of p;, and p;,, respectively, the resulting expression denoted

as ILNF(MI—W1 7, )MLOF(piy—=p,, ;) is equivalent to double-fault expression (3) in Table 1. Then, S #
. 12:J2

IiNF( Piy—piy 7, XLOF (piy—p;, 3 ) if and only if there is a test case f that satisfies any of the following
i ! 2:J2

conditions:

1. 7 € UTP;,(S) such that p,, ;= 0,
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2. T NFP; - (S), or

B ]1

3. T€ NFP, : (S).

2, ]2(

Proof : First, we observe that SGBIL]\,F(I,,ilﬂ,,1 5, )RLOF (piy—p, )
UB ! i2:J2

= ((piy +Pi) © iy, +Piy 3,))P1 = Pi—1Piy 1+~ Piy—1Piy1"** Pm

((
((

Pis +Pi)(Piy j, T Piygy) + (i ¥ P)(Piy 7y + iy 3,)) P1 - Pia—1Piy 1+ Piy—1Piy1 " Pm

pir+Pi)(Piy jy Py j,) + Pir P (Piy j, + iy j,)) PU -+ Pi—1Pin1 -+ Piy—1 Pia 1+ P

(PiyPiy. 3, + 0+ Piy j,Pi Pi + Piy,j, Piy Din )P+ Piy—1Diy+1°** Diy—1Pi+1 " Pm
(By making use of (AB)(AB) = AB and AB(A) = 0)
= (pilﬁiz,fzpiZ T Piy j Pir Piy +pi2,fzpi1pi2)pl “Diy—1Pij+1 " Dip—1Piy+1" " Pm
(By rewriting A as (A)(AB) because they are equivalent)
=PiDiy j,P1 Piy—1Piy+1 " Pia—1Piy Din+1*** Pmt Py j, P1** Piy—1Piy Piy+1°** Pi—1Pi Pip+1*** Pmi
+Diy ,P1 Piy—1Diy Piy+1° " Piy—1Piy Pip+1 " * Pm

= pi Py j, 1 Piy—1Pis+1 " P+ Diy 5,5+ Piy 1S

Now, S(7) # ILNF(p,'l—>pi1Jvl)NLOF(piz—rpizjz)(?)
if and only if  S(7) SILNF(pyy—py, ;) LOF(Piz—’Pizjz)(?) =1
it and only if - pi, p;, 5 P1+-* Piy—1Pi+1° - Pm+ Py, j;S+ Py, 7, S evaluates to 1 on 7

if and only if 7 satisfies any of the following conditions:
1. 7€ UTP; (S) such that p;, » =0,

2. T€ NFP; :(S),or

I ]1

3. 7€ NFP,, - (S).

2, ]2(

Hence, the result follows. O

Theorem 4.4 (LNF with LOF - Case 2)

Let S=p1 + --- 4+ pm be a Boolean specification in irredundant disjunctive normal form. Suppose
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that the literal xj-‘l in the i\-th term, p;,, in S is negated and the literal x’J‘2 in the iy-th term, p;,, in
S is omitted where 1 < i; <m, 1 < j; < jo < k;, and ki, (> 1) is the number of literals of p;,, the

resulting expression denoted as I, is equivalent to that given by double-
LNF(

piy—piy j, )XLOF (piy —p; ;)

fault expression (4) in Table 1. Then, we have S # IiNF( piy—pi, 5, )MLOF( if and only if there
i1.J1

Piy=Di, j,)

is a test caset that satisfies any of the following conditions:

1. 1€ UTP;,(S), or

2. € FP(S) such thatp; = » = 1.

where Pi, i1 denotes the term obtained from p;, by negating its ji-th literal and omitting its j»-th

literal.

Proof : First, we observe that S@ILJ\,F(F,.I_W1 5, )RLOF(pi, —p;, ;)
i, L 11,J2

(Piy ® Py, 5,.3,)P1* Piy—1Diy+1** P

(pilﬁi17j17f2 +ﬁi1pi1,f1,f2)ﬁl e Pi-1Pit1 P

(Piy + Py, jy, j,Pin)P1 - Piy=1Piy+17 P
(By making use of (ABC)E = ABC)
= Pil P Piy—1Pi+1" " Pmt Py, 5, 5,P1 " Piy—1Piy Piy+1°** Pm

= DiyP1 " Diy—1Diy+1" " Pm +pi1’f17f2§

Now, S(?) % ILNF(p,-] —Pi, )XLOF (p;, —>pi17_;2) (?)
it and only if -~ S(7) & ILnr —>pl~1jl)ML0F(p[1—>pi1’f2)(?) =1
it and only if - pj, p1 -+ Piy—1Piy+1° - P+ P;, 5, ;,S evaluates to 1 on 7

if and only if 7 satisfies any of the following conditions:
1. 7€ UTP;,(S), or

2. 7€ FP(S) suchthat p; ; » =1.

Hence, the result follows. ]
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Theorem 4.5 (LNF with LIF - Case 1)

LetS=p;+---+ p, be a Boolean specification in irredundant disjunctive normal form. Suppose that
the literal xj}l in the iy -th term, p;,, in S is negated and the literal x,, is inserted in the i-th term, p;,,
inS where1 <iy <ip<m, 1< jj <k, ki, (> 1) is the number of literals of p;, and x;, is a missing

literal of pi,, the resulting expression denoted as I y( is equivalent to that

Pi *)pil J1 )NLIF(piszilez)
given by double-fault expression (5) in Table 1. Then, S # ILNF(pil—)p[I" 7, )X LIF (piy—piyxi,) if and only

if there is a test caset that satisfies any of the following conditions:

1. 7€ TP; (S U TP;(S)) such that p;,x;, =0,
17511 in

2.7€TP,(5)\ ( U TP;(S)) such that p;, 5 +x;, =0, or
17&11 in

3. 7€ NFP; : (S).

I, ]1(
Proof : First, we observe that S ® Iy yp(
= ((pil + i

) ®
((Piy + Pir) (P, 5, F PiXty) + (i F Pi)(Piy 7, + PinXt,) ) P1 -+ Piy—1 Pir 41+ Piy—1Piy1°* Pm
(( )(

)

pil —>pil7fl)MLIF(pi2_>pi2-x12)

<p11 W1 +P12X12))p1 ﬁil—lﬁi,+1 o 'ﬁizflﬁi2+1 .. ﬁm

pll +p12 ,jlplsz)‘l‘pzlpzz(p,l’]l+p12xl2))p p_llflp_ll+1p_12*1p_12+1p_m

P
(Pir (PXt,) + P Pi, ;i PiaXt, + Diy j, Piy Pin + 0)p1 - Piy—1Piy+1 " Pir—1Pirt 1 - Pm
(By making use of AB(AB) = AB and A(AB) = AB )
= pi, (PiXi,)P1 "+ Piy—1Piy+1 "+ Pin—1Pip+1""* Pm
+Pir(Piy j, T X1) P Piy—1Diy+1°* Pip—1Pi+1 " Pm
+Piy j P1 Diy—1Di Piy+1°** Pi—1Piy Pip+1 " Pm
= pi,(PiX5,)P1 -+ Piy—1Piy+1** Pi—1Diy+1 "+~ P

+iy(Piy 5, FX0)P1 -+ Pi—1Piy 1+ Piy—1Digt1 -+ P+ Piy 7S
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Now, S(F) # Inr(p, — iy 5, )XLIF (piy—piyy) (7)

ifand only it () @ Inr(p, R L,F(p[.ﬁpilez)(?) =1

if and only it pi\ (PiX1,) P1*+* Piy—1Piy+1* Dia—1Pi+1 " Pm + Pin (P, J, TX1,) P11+ Piy—1
i1 Piy—1Piy+1- - Pm+ P;, 5, S evaluates to 1 on 7

if and only if 7 satisfies any of the following conditions:

m
1. 7€ TP, (S)\ ( |J TPi(S)) such that pj,x;, =0,
=1

1=
iy,

m
2. 7€ TP,(S)\ ( |J TPi(S)) such that p; 5 +x;, =0, or
l';é?l}iz

3. 7€ NFP; ; (S).

Hence, the result follows. [l

Theorem 4.6 (LNF with LIF - Case 2)

Let S=p1 + --- + p,, be a Boolean specification in irredundant disjunctive normal form. Suppose
that the literal xi.ll in the iy-th term, p;, in S is negated and the literal x;, is inserted in p;,, where
1 <iy <m, 1< ji <k, kiy(> 1) is the number of literals of p;,, and x;, is a missing literal of

Piy, the resulting expression denoted as Iy is equivalent to that given by

piy—Piy j, )LIF (piy —piy x1,)

double-fault expression (6) in Table 1. Then, we have S # aYal piy—pi, j, )M LIF( if and only

Piy —Piy X))
if there is a test case Tt that satisfies any of the following conditions:
1. 7€ UTP;,(S), or

2. 1€ NFP; ; (S) such thatx,, = 1.

i1,J1

Proof : First, we observe that S@ILNF(p,-ﬁp. S VXLIF(piy —pi 31,
i1 ! !

(Piy ® Py 5,XL)P1 - Piy—1Piy+1° " Pm

(pil (piljlxlz) + Piy (piljlxlz))pl “Piy—1Di+1" " Pm
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= (pi +Pi1,f1ﬁi1xlz)ﬁl “Pi—1Pi+1°" " Pm
(By making use of (AB)(ABC) = AB)

Now, S(E) # ILNF(piy —py, 5, ) LIF (i, —piy 1) ()
if and only if ~ S(7) @ILNF(piﬁpilJl)NLIF(p,-ﬁp,-lx,z)(?) =1
if and only it pi, p1--- iy, 1Piy 41+ Pm =+ Py, j, %1, evaluates to 1 on 7

if and only if 7 satisfies any of the following conditions:
1. 7€ UTP;,(S), or

2. 7€ NFP; 5 (S) such that x;, = 1.

i1,J1

Hence, the result follows. O

Theorem 4.7 (LNF with LRF - Case 1)

Let S=p1 + --- + p, be a Boolean specification in irredundant disjunctive normal form. Suppose
that the literal xz-'l in the iy -th term, p;,, in S is negated and the literal x’fz in the iy-th term, p;,, in S is
replaced by x;, where 1 < iy <ip <m, 1 < ji1 <k;,, 1 < jo <k, ki, (> 1) and k;, are the numbers

of literals of p;, and p;,, respectively, and x;, is a missing literal of p;,.

(a) Whenk;, > 1, the resulting expression denoted as Iy is equivalent

(Piy =iy jy )MLRE(piy =D, f,%1,)

to that given by double-fault expression (7) in Table 1. Then, S # 3Yat piy—piy 7, XLRF(piy—p,  x1,)
i ! 2

if and only if there is a test caset that satisfies any of the following conditions:

m
1. 7€ TPy (S)\ ( |J TPi(S)) suchthat p;, ; x1, =0,

i=1
i#£i],ip
m
2.7 TP,(S)\ ( | TPi(S)) such that p;, 5 +x;, =0,
i7l’§1}iz

3. 1€ NFP; ;/(S), or
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4. 1 € NFP; - (S) such thatx;, = 1.

2, ]2

(b) When ki, = 1, the resulting expression denoted as Iy y( is equivalent to

Piy—Pi j, )X LRF (piy—xi,)

double-fault expression (7) in Table 1 without p; X Then, S # ILNF(pi1 —pj j)}MLRE( y if

Piy =Xl

and only if there is a test caset that satisfies any of the following conditions:

1. 7€ TP; (S U TP;(S)) such thatx;, =0,
175!1,12

2.7€TP;y(S U TP;(S)) such that p;, 5, +x;, =0,
1#71 i

3. 1€ NFP; 5/(S), or

4. 7 € FP(S) such thatx;, = 1.

Proof : (a) First, we observe that S @ I yr Py —Piy ) XLRF (piy =y 5 1)

= ((piy +Pi) ® (Piy , +Piy 3y%0)) P Piy—1Piy 1+ Piy—1Pig 1 P

((
((

pll+p12 pl],]]+p12]2xlz)+(pll+p12)(pll,]1+p1212x12))p1 p_ilflp_l'1+l”'p_l'2*1pi2+l"'pm

Pi +p12 pll Jl(pl2 szlz) +P11P12(P,l J1 +p12 flez))p "ﬁilflﬁiﬁl "'p_izflﬁi2+l “Pm

(Piy (P, 3,X1) + Piy j, Pir%i, + Piy j, Pir Pio + Pis, j, Pir PinXi ) D1 "+~ Piy =1 Piy +1** Pin—1Dip+1° " * Pm
(By making use of AB(AB) = AB and (AB)(AC) = ABC)

= i, (P X0 P1* Piv—1 P41 Pi—1 P 1+ P

+Diy 7, Pir X, P1 -+ Piy—1Piy+1 " Diy—1Dip+1" " Pm

+Piy Pl Piy—1Piy Piy+1 - Piy—1Pi Pip+1 " * - Pm

+Piy 7, XL P1 " Piy—1Piy Piy+1°** Pin—1Piy Pin+1" " * Pm

= pi, (Py, j,X1) D1+ Piy—1Diy+1° " Pip—1Pi+1 """ Pm

+pi2(pi1,f1 +X12)]31 " Diy—1Piy+1° " Pi—1Pir+1" " Pm +pi1,f1§+piz7f2x12§
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Now, S @ % ILNF(p,-] — iy j, )M LRF (piy— piz’f2X]2) @
() =1

it and only it pi, (P, 7%5,) 1 Piy—1Piy+1** Piy—1Pin+1°** Pm

if and only if  S(7) SILNF(piy—pi, ;) HLRF(piy—p,
+pi2(pi1,f1 +X[2) 'p_l o ‘p_ilflp_l'lﬂLl v 'p_l'zflpinrl o pm +pi17jl§+pi2,f2x12§
evaluatesto 1 on?

if and only if 7 satisfies any of the following conditions:

1. 7€TP; (S U TP;(S)) such that p;, : x;, =0,
1#11,12

2. 7€ TP;,(S U TP;(S)) such that p;, 7 +x;, =0,
l7éll712

3. 1€ NFP; ;(S), or

4. 1€ NFP;, 5 (S) such that x;, = 1.

Hence, the result follows.
(b) The proof is similar to part (a) except that the term Pi; does not appear in the proof.

First, we observe that S & ILNF(p,-] —p;y 7, MLRF(piy—x1,)

= ((py + i) ® (P, , +x1,)) Pt Piy—1Piy 11+ Piy—1Pin 1"~ Pm

(piy +Pi) (i, 7, T%1,) + (Piy ¥ Pi)(Piy 5, +X1)) D1+ Piy—1Diy+1°* Piy—1Pip 1+~ Pm

( pll +pl2 pll jlxl2 +P11P12(P,1 J1 +xlz))p1 pil—lﬁil—l—l "’]51'2—1]51'2—',—1 : pm

(Piy X1, + Piy 7, Pir Xty + Piy j, Piy Pi + Piy PiX1, ) P+ * Diy —1Piy+1** * Diy—1Din+1 " * Pm
(By making use of AB(E) =AB)

= PiyXi, D1 Piy—1Piy+1° " Pia—1Pip+1"** Pm

+Piy jiPirX,P1 - Piy—1Piy+1° " Pin—1Diy+1° " Pm

+Piy 5, P1 - Piy—1Pi\ Piy+1+ Diy—1Pi Pip+1°* - Pm

+X1,P1* Piy—1Pi, Piy+1°** Pin—1Dir Din+1"* - Pm
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= PisXpP1 - Diy—1Piy+1" " Dip—1Pir+1"** Pm

+pi,(Pi, 7, FXL)P1 -+ Piy—1Piy+1° Piy—1Pin 1 -+~ P+ Piy 7,5 +%1,8

Now, S(7) # ILNF(p,-l—>pi13‘]fl)MLRF(p,<2—>x12)(?)

it and only if  S(&) S ILNF(p, —p,, ; )LRF(piy—y) (F) = 1

ifand only it p; Xp,p1- - Piy—1Di;+1°** Piy—1Pip+1°** Pm
+Pi, (Pil,jl +X1,)P1 - Piy—1Pij 1"~ Dis—1Pir+1"** Pm +p,~1,f1§+x12§ evalu-
atesto 1 onf?

if and only if 7 satisfies any of the following conditions:

1.7€TP;(S)\ ( LmJ TP;(S)) such that x;, =0,
s
m
2. 7€ TP, (S)\ ( |J TPi(S)) such that p;, 5 +x;, =0,
l'?ilTl}iz

3. € NFP; - (S),or

ll7jl

4. 7 € FP(S) such that x;, = 1.
Hence, the result follows. |

It should be noted that there are two differences between the detection conditions of Theorem 4.7(a)
and (b). First, detection condition 1 of Theorem 4.7(a) is related to term Pi.}, which does not exist
in detection condition 1 of Theorem 4.7(b) when k;, = 1 (that is, when p;, contains just one literal).
Second, detection condition 4 of Theorem 4.7(a) (that is, ‘7 € NFP;, 7 (S) such that x;, = 1”) differs
from detection condition 4 of Theorem 4.7(b) syntactically. We say that these two conditions are

syntactically different because they are actually equivalent to each other when k;, = 1. Itis because

of the following reason
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7 € FP(S) such that x;, = 1

7€ FP(S) such that p;, =x2 = 0 and x;, = 1

7€ FP(S)suchthat p; 1 =% = 1and x;, = 1

7 € NFP,, 1(S) such that x;, = 1 (Please be noted that j, = 1 when k;, = 1)

Hence, without loss of generality, we can still use the four detection conditions in Theorem 4.7(a) to
represent the detection conditions of double-fault expression (7) in Table 1 for both (a) and (b) (that
is when k;, > 1), bearing in mind that, when k;, = 1, p; »x;, degenerates to x;, and ‘7 € FP(S)
such that x;, = 1" is equivalent to ‘7 € NFP,, ;,(S) such that x;, = 1". We will make similar comments

in theorems related to special situations when either k;, or k;, is equal to 1 or 2 in the sequel.

Theorem 4.8 (LNF with LRF - Case 2)

LetS=p1+---+ pn be a Boolean specification in irredundant disjunctive normal form. Suppose that
the literal xi-ll in the i1 -th term, p;,, in S is negated and the literal x’]l2 in the iy -th term, p;,, in S is re-
placed by x;, where 1 <iy <m, 1 < j| < j» <k;, k;, is the number of literals of p;,, and x,, is a miss-

ing literal of p;,, the resulting expression denoted as I yr( is equivalent

Piy=Piy j, ) XLRF (piy —>p,<1’j2x12)

to that given by double-fault expression (8) in Table 1. Then, S # 3Yat Pty =iy jy ) RLRF (piy =y, 5.1,) if
and only if there is a test case Tt that satisfies any of the following conditions:

1. 7€ UTP;(S), or

2. 1€ FP(S) such that p; = »xi, = 1.
Proof : First, we observe that S @ILNF(M1 —piy ) XLRF(pi,~p;. 3 ,)
= (Piy © Py, 5, 3,X0)P1 " Piy—1Pig+1°"* Pm
= (PiDiy j, 3% PiiPiy j, 3y ¥ ) P Piy—1Pi 417 P
= (i +PirPi, j, 3,%0) 1+ Pi—1Piy+1° - Pm

(By making use of ABC(ABD) = ABC)
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= PP Pi—1Piy+1° Pt Py 5, 5 X0 P1 " Dig—1Piy Piy+1°** Pm
= pilﬁl . ‘P_i]flp_imtl o ﬁm +pi1,f1,f2x12§
Now, S(7) 7éILNF(p,-IHp[IJI)NLRF(p,-IHpilJl)(?)
if and only if  S(7) SILNF(piy—p;, ;) LRF (i ﬁpil_fzx,z)(f) =1
it and only if  pi, p1 -+ Piy—1Piy+1° P+ Py, j, ,jlezg evaluatesto 1 on 7

if and only if 7 satisfies any of the following conditions:
1. 7€ UTP;,(S), or

2. 7 € FP(S) such that Pi, 5 .5%n = 1.

Hence, the result follows. O

4.2 LOF with other Faults

Theorem 4.9 (LOF with LOF - Case 1)

Let S=p1+ ---+ pm be a Boolean specification in irredundant disjunctive normal form. Suppose
that two literals x;‘l in the iy-th term, p;,, in S and x’fz in the i>-th term, p;,, in S are omitted from
pi, and pi,, respectively, where 1 < iy <ix <m, 1 < j1 <k, 1 < jo <k, and k;;(> 1) and
ki,(> 1) are the numbers of literals of p;, and p;,, respectively, the resulting expression denoted as
I oF( piy =, 5, )XLOF(piy—p;, ) is equivalent to that given by double-fault expression (9) in Table 1.
Then, we have S # ILOF(piﬁp,-l,;l )X LOF(piy—p,, ;) if and only if there is a test case f that satisfies
any of the following conditions:

1. T€ NFP; - (S), or

i1,J1

2. T€ NFP, ;,(S).

Proof : First, we observe that S@ILOF(p,-l—m-  )XLOF(piy—p;, ;)
/1 12:J2

Report Title : On Detecting Double Literal Faults Page 22 of 99
SWINBURNE Prepared by : Man Fai Lau and Ying Liu
UNIVERSITY OF | 08/10/2008

TECHNOLOGY




(Piy + 1) @ (Py, j, + Piy jy)) PL* Piy—1Piy+1 7+ Pig—1Pig+1 P

((piy + i) (Pi, 5, FPi, 1) + (Pis T Pi)(Piy 5, Piy. i) P Piy—1Pig 1+~ Piy—1Pig 41+~ Pm
(

(Piy + i) B, j, iy, j, + Pir Pir(Piy j, + Piyj,)) P1 Piv—1Piy 417 Pi—1 i1+ Pim

0+ 0+ py, 5,PiPiy + Piy PiyDiy 5, )P1 *** Piy—1Piy+1 " * Piy—1Piy+1°** Pm
(By making use of AB(A) = 0 and rewriting (AB)(A) as (AB)(AB))
becuase they are equivalent)
= Diy i PV Diy—1Diy Piy+1 - Piy—1Pi Pir+1 " Pm
+Diy, , PiPiy D1 *** Diy—1Piy Piy+1 "+ * Pia—1Piy Pir+1° " * Pm

= pi17f1S+pi2,f2S

Now, S() # ILor(p, —p;, ;,)XLOF(piy—p;, fz)(ﬂ
if and only if  S(7) @ILOF(pil—>pi17jl)NLOF(pizﬁpinjz)(?) =1
ifand only it p; 7S+ p,, ;,S evaluates to 1 on 7

if and only if 7 satisfies any of the following conditions:

1. 7€ NFP; 5(S), or
2. teNFP,2 JZ(S)
Hence, the result follows. [l

Theorem 4.10 (LOF with LOF - Case 2)

Let S=p1 + --- 4+ pm be a Boolean specification in irredundant disjunctive normal form. Suppose
that two literals xj-ll and x’]l2 in the iy-th term, p;,, in § are omitted from p; where 1 < i} < m,
1 < ji < j2 <kj and ki (> 2) is the number of literals in p;,, the resulting expression denoted as
I10F( piy =y, 5, )RLOF(piy—p;, 5) is equivalent to double-fault expression (10) in Table 1. Then, S #

ILoF(pi,—p, 5 YXLOF(piy—p, ) if and only if there is a test caset € FP(S) such that p;, 5 & = 1.
i i i1,J2

Proof : First, we observe that S@ILOF(p,-I—»p. 5 )XLOF (piy —p, 1))
151 12

E<pll@pl] ]1 ]2)p pll—lﬁlﬁ-l'ﬁm
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= (pi'p_ihfhfz +p_i1pi17f17f2)ﬁl “Diy—1Pij+1° " Dm
= P\ ji.pP1 Pi—1Pi Piy+1 - Pm

= pihfhfzs

Now, S(7) # ILOF(p,'I—>pil’j1)NL0F(pi1—>pil’jl)(?)
if and only if  S(7) DLLOF(piy—p, ;, )»«LOF(pfﬁp,.ljz)(f) —1

if and only if Pi i S evaluates to 1 on 7

J1J2
if and only if 7€ FP(S) such that p; G =1
Hence, the result follows. ]

Theorem 4.11 (LOF with LIF - Case 1)

LetS=p1+---+ pn be a Boolean specification in irredundant disjunctive normal form. Suppose that
the literal x;ll in the iy -th term, p;,, in S is omitted from p;, and the literal x;, is inserted in the i>-th
term, pi,, in S where 1 <i; <ip <m, 1 < j; <k, ki, (> 1) is the number of literals of p;, andxy, is a

missing literal of p;,, the resulting expression denoted as I; o ( is equivalent

pil Hp[lﬁfl)NLIF(piz_}pilez)

to that given by double-fault expression (11) in Table 1. Then, S # I1oF( Piy =Py, j, )} LIF (piy—piyxi,) if

and only if there is a test caset that satisfies any of the following conditions:
1. T € UTP,(S) such that p; ; +x1, = 0, or

2. 7€ NFP; = (S).

Proof : First, we observe that S@ILOF(p,-,—m  IXLIF (piy —piy )
171

= ((pi, + pir) ® (P, 3, + PiyXt,) ) P1+ Piy—1Pir 1 * Pia—1Pin+1"** Pm

(piy + Piy)(Pi, 5, F PiXiy) + (piy ¥ i) Py, 5, + PinXy)) Pt -+~ Piy—1Piy+1 -+ Piy—1Piy+1 -+ Pm

( Di +p12 p11 J1 (pllez) +P11P12(P,1 7 +p12XZ2))p1 ﬁilflﬁiﬁl .. .p_i271pi2+1 .. ﬁm

0+ pipy, ;X6 + Piy Pi Py, 5, + 0)p1 - Piy—1Piy+1 "~ Piy—1Pip 1"~ Pm
(By making use of AB(A) = 0 and A(AB) = AB)
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= (pizﬁ,-h;lﬁilfzz + iy PiyPiy j, ) PL -+ Piy—1Piy 41+ Piy—1Piy 1" Pm
(By rewriting (A) as (A)(AB) because they are equivalent;
and (AB)A as (AB)AB because they are equivalent )

= PPy, %P1 Piy—1Piy Piy+1 " Pip—1Diy+1 " Pm
+Piy 5Pl Pin—1PiyPin+1+ " Pm
= pi(Py, j, FX0)P1 - Piy—1Piy 117 Piy—1Pip+1 7 P+ Piy S

Now, S() # ILOF(pi]—>pi1,]o1)NLIF(p,‘2—>pi2x12)(?)

it and only it S() @ Ior(y, ) L,F(p[ﬁpilez)(f) =1

it and only i pi,(p;, 5 FX,)P1 - Piy—1Piy+1- - Pm+p;, ;S evaluates to 1 on 7

if and only if 7 satisfies any of the following conditions:
1. 7€ UTP;,(S) such that p; + +x;, =0, or

2. T€ NFP; ; (S).

Hence, the result follows. O

Theorem 4.12 (LOF with LRF - Case 1)

Let S=p1 + --- + p,, be a Boolean specification in irredundant disjunctive normal form. Suppose
that the literal xs.ll in the iy-th term, p;,, in S is omitted and the literal x’]22 in the ix-th term, p;,, in S is
replaced by x;, where 1 <iy <ir <m, 1< ji <k, kiy (> 1) is the number of literals of p;, and x;,
is a missing literal of p;, .

(a) When ki, > 1, the resulting expression denoted as I1or is equiva-

Piy = Piy j, ) LRF (piy —pi, ;. x1,)

lent to double-fault expression (12) in Table 1. Then, S # I; o ( piy—piy 5, )LRE( if and
1

Piy *’piz,jlez )

only if there is a test caset that satisfies any of the following conditions:

1. 1€ UTP;,(S) such that p;, + +xi, = 0,

2. 1€ NFP; 5/(S), or
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3. 1€ NFP; : (S) such thatx,, = 1.

2, ]2

(b) When ki, = 1, the resulting expression denoted as I o Piy—Pi; 5, )WLRE (piy =1, is equivalent to

that given by double-fault expression (12) in Table 1. Then, S # I oF Piy =Py, ;i) MLRE( ) if
ll. 1

Piy =Xl

and only if there is a test caset that satisfies any of the following conditions:

1. T € UTP;,(S) such that p; ; +x, = 0,

2. T e NFP; - (S), or

i, Jl

3. 1 € FP(S) such thatx;, = 1.

Proof : (a) First, we observe that S@ILOF(p,-l —pi, 3, )XLRF(piy—py, 3 )

= ((piy +pi) ® (P, 5, +P,~2,jlez))l51 “Pi—1Pi+1° " Piy—1Pip+1" " Pm

(
(pl1 +p12 Pll i +plz ]2X12)+(pi1 ‘|‘Pi2)(Pil,jl +pi2’f2xlz))p_1 e '151'1—1[51'1-!—1 v 'ﬁiz—lﬁiz-‘rl **Pm
(

Piy + Pi) By, 5, Piy % + Pi P (P, §, + Piy %)) P - Piy—1Pig+1 -+~ Piy—1Pin+1°** Pm

(
(
(

0 +P12P,1 Jl-xlz +P11P12P11 S +P11P12p,2 szlz)pl ﬁil—lﬁil—i—l o 'ﬁiz—lﬁi2+l “Pm
(By making use of (AB)(A) = 0 and (AB)(AC) = ABC)

(Pizﬁil,flfzz + P PiPiy 5, Pis iy Piy jyX0) PL++ Diy—1Piy 41+ Piy—1Dip+1 - Pm
(By rewriting (AB)A as (AB)AB becuase they are equivalent)

= PiyPj, 5 %0P1* Piy—1Pi Piy+1° Piy—1Pig+1° -~ Pm

+Pi, ;P11 Piy—1Piy Piy+1°* Piy—1Piy Pin+1"** Pm

+Diy XL P1 " Piy—1Pi Piy+1° " * Diy—1Di Pip+1 " Pm

= pir(Pi, 5, FX0)P1 " Piy—1Pin+1° P+ Py, ,j1§+ Piz,_72X12§
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NOW’ S(?) % ILOF(p[] —Pi )MLRF(piz _>pi2,_f2x[2) (?)
it and only i~ S(F) & ILor(p, —>pi1"fl)MLRF(pizﬁpizﬁflez)(?) =1
it and only i pi, (p;, 5 FXR)P1 - Piy—1Piy+1° P+ Py, 5,5 + Piy 7,%1,S evaluates to 1 on 7

if and only if 7 satisfies any of the following conditions:
1. 7€ UTP;,(S) such that p;, + +x;, =0,

2. T NFP; - (S),or

1 ]1(

3. T € NFP; : (S) such thatx;, = 1.

2, JZ

Hence, the result follows.
(b) The proof is similar to that of (a) above except that the terms Pij, does not appear in the proof.

First, we observe that S & ILOF(p,-l —pi, ;) XLRF (piy—x1,)

= ((piy +Pi) © (pyy , +%1)) 1 Piy—1Pis+1°+* Piy—1Pig41° -+ Pm

(
(Piy + Pi)(Py, 5, Fx1,) + (Piy + piy) (P, 5, +X1,)) P1- Piy—1Piy 1 Piy—1Pin 41+~ Pm
(

Piy +pl2 pll ]lxl2 +p’lp’2(le J1 +xlz))p1 “Piy—1Piy+1 " Pi—1Pir+1"" " Pm

(O +p12p11 jlxlz +pl]p12pll J1 +P11p12x12>P1 pi]—lﬁil—O—l t 'p_iz—lp_l'g—l—l ot 'P_m
(By making use of (AB)(A) = 0)

(Pizﬁihjlilz +PiPir iy +15i115ilez)]51 i —1Pii 41 Diy—1Pir41 " Pm
(By rewriting (AB)A as (AB)AB becuase they are equivalent)

= Pir Py, ;XL P1 " Piy—1Pi Piy+1 " Piy—1Pir+1 " Pm

+pi, j,P1 Piy—1Piy Piy+1°* Piy—1Piy Pin+1""* Pm

+XpP1e Piy—1Pi Piy+1°** Piy—1Pi Dip+1** P

= pi (P, ¥ ¥0)P1 - Piy—1Piy1 -+ P+ Py, ;S + 31,8
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Now, S(?) # ILOF(p[] =P j, )XLRF (pi, —xi,) (?)
ifand only it S(7) © ILor (p, _>pi1<f1)MLRF(pi2—>x12)(?) =1
it and only it~ pi, (p;, 5 +X1,)P1 " Piy—1Pir+1 "~ Pm + i, j,S+x,S evaluates to 1 on 7

if and only if 7 satisfies any of the following conditions:
1. 7€ UTP;,(S) such that p;, + +x;, =0,

2. T NFP; - (S),or

ll7j1

3. 7€ FP(S) such that x;, = 1.
Hence, the result follows. O

It should be noted that there is a difference between detection conditions of Theorem 4.12(a)
and (b). Detection condition 3 of Theorem 4.12(a) (that is, ‘7 € NFP;, ;(S) such that x;, = 17)
differs from detection condition 3 in Theorem 4.12(b) syntactically. We say that these two condi-
tions are syntactically different because they are actually equivalent to each other when k;, = 1 (that

is, pi, contains just one literal). It is because of the following reason

7 € FP(S) such that x;, = 1

7€ FP(S) such that p;, =x2 = 0 and x;, = 1

7€ FP(S) such that p;, 1 =)E"12 =landx, =1

= NFP,;, 1(S) such that x;, = 1 (Please be noted that j, = 1 when k;, = 1)

Hence, without loss of generality, we can still use the three detection conditions in Theorem 4.12(a)
to represent the detection conditions of double-fault expression (12) in Table 1 for both situations in
Theorem 4.12(a) and (b), bearing in mind the equivalence between ‘7 € FP(S) such that x;, = 1"

and ‘7 € NFP;, ;,(S) such that x;, = 1" when k;, = 1.

2,2

Theorem 4.13 (LOF with LRF - Case 2)

Let S=p1 + --- 4+ pm be a Boolean specification in irredundant disjunctive normal form. Suppose
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that the literal xj?l of the iy-th term, p;,, in S is omitted from p;, and the literal x’jl2 of the iy -th term,
Diy, in S is replaced by the literal x;, where 1 <iy <m, 1 < ji < j» < k;,, ki, is the number of literals

of p;, and x;, is a missing literal of p;, .

(a) When k;, > 2, the resulting expression denoted as I o is equiva-

(Pi] _’pil J1 )NLRF(pil _)pil,flez)

lent to double-fault expression (13) in Table 1. Then, S # Iror( ifand

Piy =Py j, ) RLRF(piy =py, ,%15)

only if there is a test case T that satisfies any of the following conditions:

1. 7 € UTP;,(S) such that x;, = 0,

2 fc ]\7171—"1-1’171 (S) such that x;, = 1,

3. 7€ NFP;, 5,(S) such that x;, = 1, or

4. 7€ FP(S) such that p; 5 7 x5, = 1.

(b) When k;, = 2, the resulting expression denoted as I o is equiva-

Piy—pi, j, ) LR (piy—p;, ; x1))

lent to that given by double-fault expression (13) in Table 1 without Pi, because p;, contains

7f1 7f2

just two literals. Then, we have S # I oF( if and only if there is a test

Piy—p;, j, )X LRF (piy—p; ;%)

caset that satisfies any of the following conditions:

1. 7 € UTP;,(S) such that x;, = 0, or

2. 1€ FP(S) such thatx;, = 1.

Proof : (a) First, we observe that S@ILOF([,I.1 —pi, ) XLRF(piy =y, 53,

(Pis ® Py, f, 5,%0)P1 " Piy—1Diy+1°" Pm

(PiPr, o X+ PinPiy j, X0 P1 - Piy—1Piy 1+ P

(pi %1, +Pi\Diy ;XL + Piy Piy %k +p_i1pi1,f1,j2xlz)151 “Pii—1Diy+1 " Pm

(By making use of (ABC)(AD) = ABCD and (ABC)A = (ABC)(ABC + ABC + ABC))
= PiyXi,P1 s Piy—1Piy+1 - Pm+ Py 5, X,P1 " Piy—1Diy Diy+1 " Pm
+Di, ;XL P1 - Diy—1Diy Piy+1 - Pm+ Py 5y 72X P Piy—1Diy Diy+1 " Pm

= pil-flzﬁl o 'ﬁil—lﬁi1+1 o ﬁm +pi17f1x12§+pi1_j2x12§+piljljlezg
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Now, S() # ILoF(p;, —py, ,)XLRF(pi,—p;, 3 ,) (7)

if and only if  S(7) SIL0F(py—p,, ;) LRF(pl.ﬁpilﬁflez)(?) =1

ifand only it pi X, p1 -+ Piy—1Piy+1 -+ P+ Piy j, XS + Piy 5,%0S + Piy 7, 5%, evaluates
tolon?

if and only if 7 satisfies any of the following conditions:
1. 7€ UTP;,(S) such that x;, = 0,
2. 1€ NFP;, 5 (S) such that x;, = 1,

3. T € NFP; ; (S) suchthatx, =1, or

i1,2

4. T € FP(S) such that p;, 7 7x, = 1.
Hence, the result follows.

(b) The proof is similar to that of (a) above except that the term p; does not appear in the proof.

17f17f2

First, we observe that S @ILOF(p,-l —piy j)RLRE(piy —p; ;1)
= (piy ®x,)P1 " Piy—1Diy+1°** Pm
= (Pilizz +ﬁi1xlg)pl"‘p_il—lﬁi1+1“'ﬁm
= Pi X Pt Piy—1Piy+1 " Pm+X,,P1 - Piy—1Piy Piy+1°** Pm
= pis X, 1 Piy—1Piy 417 Pm+X1,S
Now, S(F) # ILor(p, —py, ,)XLRF(pi,—p;, 3 31, (7)
if and only if  S(7) SILOF(p, —p, ;) LRF(pl.ﬁpilﬁflez)(?) =1
if and only if  p; %P1+ Piy—1Piy+1°** Pm +X1,S evaluates to 1 on 7

if and only if 7 satisfies any of the following conditions:
1. 7€ UTP;,(S) such that x;, = 0, or

2. 7€ FP(S) such that x;, = 1.
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Hence, the result follows. O

Although detection conditions 2, 3 and 4 of Theorem 4.13(a) are syntactically different from the
detection condition 2 of Theorem 4.13(b), they are actually equivalent to each other when k;, = 2

(that is p;, contains just two literals) because of the following reason

7 € FP(S) such that x;, = 1

7€ FP(S) such that p;, = x!!x =0andx, =1  (p;, contains just two literals when k;, = 2)

7€ FP(S) such that p;, = xx! =1 and x;, = 1
1 12 2

(S)
(S)
7 € FP(S) such that j;, = lx) +x|' ¥ + !5 =1landx, = 1
f € FP(S) such that

(1) pi, 1 :)Eillx;' =landx, =1,

(2) pi, 5 =% =1andx, =1, or

(3) p;, i3 =X%'% =landx, =1

f € FP(S) such that
(1)7 € NFP; 1(S) such that x;, = 1,
(2) 7 € NFP; 5(S) such that x;, = 1, or

(3) 7 e FP(S) such that Pi 13X, =1

Hence, without loss of generality, we can still use the four detection conditions in Theorem 4.13(a)
to represent those of double-fault expression (13) in Table 1 for both (a) and (b), bearing in mind

that detection conditions 2, 3 and 4 degenerate to ‘7 € FP(S) such that x;,x;, = 1” when k;, = 2.

4.3 LIF with other Faults

Theorem 4.14 (LIF with LIF - Case 1)
LetS=pi+---+ p, be a Boolean specification in irredundant disjunctive normal form. Suppose that

two literals x;, and x;, are inserted in the iy-th term, p;, and the i»-th term, p;,, in S, respectively,
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where 1 < iy <iy < m, andx;, andx;, are missing literals of p;, and p;,, respectively, the resulting

expression denoted as Iy jr( is equivalent to that given by double-fault ex-

Piy —Piy X1, )X LIF (i —pinX1,)

pression (14) in Table 1. Then, we have S # ILIF(Pil — piy 31y )] LIF( if and only if there is a

Pi2 *’pile2)
test case that satisfies any of the following conditions:

1. 7€ UTP,'I(S) such that x;, = 0,

2. 1€ UTP;,(S) such thatx;, = 0, or

3. 7€ (TP, (S)NTP;, U TP;(S)) such that x;, +x;, = 0.
1751_1712

Proof : First, we observe that S@Iup(pil — piy x1y )X LIF (piy— iy, )

= ((Pil + piy) © (piyxy, +pi2xlz))p1 “Piy—1Pi+1° " Piy—1Pir+1" " Pm

pll +p12 (pllxll +p12x12> + (pll +pl2)(p11xll +pllez))pl p_il—lpil-i-l o 'piz—lﬁiz—H **DPm

( Pi +plz pllxll p12x12 "‘lepzz(Pllxll +p,2x12))]51 o Dir—1Pij+1 " Piy—1Pir+1"* Pm
(Pz]xllngxlz +p12x12p11x11 + 0+ O)Pl P_il—lﬁi|+1 e 'ﬁizflﬁi2+1 o p_m
(By making use of A(AB) = AB)

(i, (Biy + Pin1,) + Piy iy (Piy + piyBy)) P1 -+~ Piy—1Piy 1+ Piy—1Piy+1 -+ Pm
(By rewriting AB as A + A - B because they are equivalent)

(Pil Dir X1, + Piy Pi X1, X1, + Piy Pir X1, + Diy Pi X1, X1, )

“*Piy—1Piy+1""* Pir—1Pir+1""* Pm

'ﬁl

(pilﬁizle + Pi, Dir X1, +Pi1pi2f12f11)ﬁ1 “Piy—1Piy+1° " Piy—1Pir+1" " Pm
Epilfllﬁ] ‘”pil_]ﬁil"‘] ...piz...pm_’_piz_flzpl ...pil "'piz—lﬁiz—F] pm

+Pi, PiXi, X1, P1 - * Piy—1Pij+1°"* Pip—1Pir+1""* Pm
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Now, S(7) # ILIF(p,-l—>p,»]x,1)mL1F(p,»2—>pi2x,2)@

if and only if ~ S(7) DILIF(pi, —piy 3, )NLIF(p[2—>pi2)C]2)(?) =1

ifandonly it pj\ Xy, p1--- Piy—1Piy+1** Piy**Pm + PiX,P1 Piy *** Pip—1Piy+1° " Pm +
Piy PinXi, X1, D1+ Piy—1Piy+1*** Piy—1Pin+1 - Pm €valuates to 1 on 7

if and only if 7 satisfies any of the following conditions:
1. 7€ UTP;,(S) such that x;, = 0,
2. 7 € UTP;,(S) such that x;, = 0, or
m
3. 7€ (TP (S)NTP,(S))\ ( | TPi(S)) such that x;, +x;, = 0.
i;éafiz

Hence, the result follows. O

Theorem 4.15 (LIF with LIF - Case 2)

LetS=p1+---+ pm be a Boolean specification in irredundant disjunctive normal form. Suppose that
two literals x;, and x;, from different Boolean variables are inserted in the i -th term, p;,, in S where
1 <iy <m andx;, andx,, are two different missing literals of p;,, the resulting expression denoted
as I jr( Piy—piy Xty )X LIF(piy = piy %1y) is equivalent to double-fault expression (15) in Table 1. Then, S #

ILIF(pilHp,-lxll)MLIF(p,»ﬁp,-]xlz) if and only if there is a test case € UTP;, (S) such that x; x;, = 0.

Proof : First, we observe that SGBIL,F(I,I.1 — piy 51, )< LIF (piy —pi, 51,

(pil @pilxllxlz)ﬁl o Piy—1Piy+1° " Pm

(pilpilxllxlz + Pi, (Pilxllxlg))ﬁl “Diy—1Piy+1" " Pm

(Pillexzz + 0)151 “*Diy—1Piy+1° " Pm
(By making use of A(ABC) = A(BC))

= Pi X, XL P11 Piy—1Piy+1° " Pm
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Now, S(?) % ILIF(p,-I —>p[]xll)ML1F(p[] —>Pi1X12) (?)
if and only if ~ S(7) S ALIF(pi, —pi 30, )< LIF(py, —>pl-lx12)(?) =1
if and only if  p;, X5, X, P1 -+ Piy—1Di,+1 - - Pm €valuates to 1 on 7

if and only if 7€ UTP;,(S) such that x;,x;, = 0.

Hence, the result follows. |

Theorem 4.16 (L/F with LRF - Case 1)

Let S=p1+ --- 4+ pm be a Boolean specification in irredundant disjunctive normal form. Suppose
that the literal x;, is inserted in the i1 -th term, p;,, in S and the literal x’]z2 in the i-th term, p;,, in S is
replaced by x;, where 1 < iy <ip <m, 1 < j, <k, k;, is the number of literals of p;,, and x;, and
x;, are missing literals of p;, and p;,, respectively.

(@) When ki, > 1, the resulting expression denoted as Iy is equiva-

Piy = Piy X1y )RLRE(piy = py, %1, )

lent to double-fault expression (16) in Table 1. Then, S # ILIF(P:‘I — piy x1; )X LRF( ) ifand

Pip = Piy iy %D

only if there is a test caset that satisfies any of the following conditions:

1. 1 € UTP;,(S) such that p;, 5 +x, = 0,
2. 1€ UTP; (S) such that x;, +x;, = 0,
3. 1 € UTP;,(S) such that x;, = 0,

4. 1 € NFP; : (S) suchthatx, = 1, or

i2,)2
m
5. 7€ (TP, (S)NTPL(S)\ ( |J TPi(S)) such that x;, +x;, = 0.
l'?ili{iz

(b) When k;, = 1, the resulting expression denoted as I1iF( is equivalent to

Piy —Piy X1, )X LRF (piy —x1,)
that given by double-fault expression (16) in Table 1 without Pij, because p;, contains just one
literal. Then, we have S # Ipjf(p, — piyx1, )X LRF(pi,—x,,) I and only if there is a test case 7 that

satisfies any of the following conditions:

1. 7 € UTP;,(S) such that x;, +x;, = 0,
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2. 7€ UTP;,(S) such that x;,, = 0,
3. T € FP(S) such thatx,, = 1, or

4. 1€ (TP, (S)NTP;,(S U TP;(S)) such that x;, +x;, = 0.
1#71712

Proof : (a) First, we observe that SEBIL]F(l,i1 — iy, )X LRF(piy =Py, 3 1,

= ((Pil + i) © (Piy X1, +P,~27j2x12))l51 “Piy—1Piy+1 " Piy—1Pir+1" " Pm

(By making use of A(AB) = AB and AB(AC) = ABC)

= (%1, (P, j, Pin + Py + Piny) + Pis ity (Biy + PisEy) + iy Pis iy 7, %15 )

‘P11 Piy—1Piy+1" " Pir—1Piy+1""* Pm

( pi, + piy) Pir iy - Diy Xl + Piy Pir (Piy X1, + Dy} xlz))ﬁl SR ZIESVZIES

pl] +P12 pllxll +P12 ]2x12)+(pl| +pl2)(Pl]xll +P,2 ]lez))pl 151'1—1]31'1-1-1 o
*Diy—1Dir+1 -

PiiXi, Py ;X1 Rl + PiyX1, iy X1, + 0+ Diy Pir Dy, szlz)pl “Piy—1Pij+1" " Pir—1Piy+1° D

“Pir—1Pip+1 """

(By making use of AC=A - (AB) + (AB)-C+ABC, AB=A+A-B and ABA = AB-AB)

= (Pilfllﬁiz, 5 Piy t Diy PinX1, X1, + Piy Pin X1, X1, + Piy Pi Xty + Piy Piy X1y, X1, + Piy Pin Py, ;zxzz)

“Diy—1Piy+1" " Piy—1Pir+1""* Pm

"Bl

(Pilﬁiz, X1 Piy + Piy Pi X1, X1, + Piy Pin X1, + Piy Pi X1, X, + Piy Pin Py, jlez)

“Piy—1Piy+1" " Piy—1Pir+1"* " Pm

"Bl

(pilﬁlé? X Piy T+ Piy Pi Xy Xty + Piy Pin Xty + Piy Pin Piy 5,X1 T Piy PirX1, X1y )

“Piy—1Piy+1" " Pix—1Pir+1"* " Pm

"B I

D1 Piy—1Diy+1°** Piy—1Diy+1"* * Pm
= pi (P, j, TX0)P1 -+ Piy—1Piy+1°* Piy—1Pir Pin+1° "+ Pm
+piy (X1, +X1,) D1+ Piy—1Pis+1 " Pir—1Piy Pir+1" " Pm
+Pi X, P1 - Piy—1Piy Diy+1° " Pia—1Pir+1" "~ Pm
+Piy, j, X1, P1 " Piy~1Diy Piy+1+ Din—1Piy Pip+1°** Pm

+Piy Piy (X1, +X1,) D1+ Diy—1Diy+1°+* Piy—1Dip+1"** Pm

= pi(Piy.j, TX1)P1+ Piy—1Piy+1 P+ Piy (Xt +X0,) D1+ Piy—1Diy 1

(Pn (Piy.y T51)Piy + Piy Piy (X1, F%1) + Piy Piy %y + Piy Piy Piy 5551 + Piy Piy (X1, +%1,) )
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+Pir XL P1 - Piy—1Piy 1+ P+ Piy 1,%1,8 + iy Pin (1, +%13) P1 -+~ Piy—1Piy+1 -+ Piy—1Pip+1 -+~ Pm

Now, S(?) % ILIF(]/),‘1 —Diy X, )MLRF(pi2—>pi2$f2xlz) (?)

if and Only if S(?) @ILIF(Pil—’Pilxll )NLRF(pizépiz,flez)(?) =1

ifand only it pj, (p;, 5, +X1,)P1" Piy—1Piy+1°+ Pm + Piy (X, FX5,) D1+ Piy—1Piy 1+

+Pi X1 Piy 1 Pig 1+ P+ Piy 5,X0S + Piy Pi (X1, F%1,) Pt -+ Piy —1Piy 11

-+ Piy—1Pir+1" -+ Pm €evaluates to 1 on 7

if and only if 7 satisfies any of the following conditions:
1. 7€ UTP;,(S) such that p, - +x;, =0,
2. 7€ UTP;,(S) such that x;, +x;, = 0,
3. 7 € UTP;,(S) such that x;,, = 0,

4. 7€ NFP;, ; (S) such that x;, = 1, or

2, ]2

5. 7€ (TP, (S)NTP,(S U TP;(S)) such that x;, +x;, = 0.

17511#2
Hence, the result follows.

(b) The proof is similar to that in (a) except that the term Pij, does not appear in the proof.

First, we observe that S & IL]F(Pil — piy X1, ) XLRF (piy—31,)

= ((Pi1 + pi) © (Piy X1, +xlz))ﬁ1 “ Diy—1Piy+1 " Piy—1Pir+1""* Pm

((piy + i) PirXy - X1, + iy Pin (Pir X1, +X1,) ) P1 -+ Piy—1Diy 41 * Pia—1Pin+1"** Pm
(lexllxlz +p12x12p11x11 + 0 ‘|—P11p12x12)[71 P_i]flp_i|+l t 'ﬁizflp_l’2+l o p_m

(By making use of A(AB) = AB and AB(AC) = ABC)
= (Phxl] (D1, + Piy%1,) + Pin 1, (Piy + Piy X1,) + pilpilez)

‘P11 Piy—1Piy+1" " Pir—1Piy+1""* Pm

(Pi, + Pin) (Piyx1, +x1,) + (piy + Piy) (Piy X1, +x12))l?1 “Pii—1Pi+1" " Piy—1Pir+1 "

(By making use of AC=A - (AB)+ (AB)-C+ABC, AB=A+A-B and ABA = AB-AB)
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(pilﬁizihxlz + Diy PigXi, X1, + Diy Din Xty + Diy Pin X1, X1, +p_i1ﬁi2x12)

1" Piy—1Pij+1" " Piy—1Pir+1" " Pm

i

(pilﬁizlefzz + Piy Pir X1, + Piy Pi X1, X1, + ﬁilpilez) “P1° " Piy—1Piy+1" " Pir—1Pir+1""* Pm

(pllp_IZXllxlz +ﬁl]p12xlz +pl]p_llez +pllp12-fllxlz) . p_l . ~p_1171p_l]+1 .. -p_lzilp_12+l .. .pm

(Piy Pir (1, F31,) + Piy Py, + Piy Py Xty + Piy Piy (g FX1,)) - Pt -+ Pir—1 iy 11+ Pi—1 Pip+1** Pm
= piy (X1, +X5,) P+ Piy—1Piy+1°** Piy—1PiyDir+1 " * Pm

+Pi X1, P11 Piy—1Piy Piy+1 " Pir—1Pir+1** Pm X1, P1 -+~ Piy—1Piy Piy+1 " * Pin—1Pi Pi+1"** Pm
+piy iy (X1, +X1,)P1 -+ Piy—1Piy+1°** Din—1Pi+1"* - Pm

= pi, (X1, FX5,) D1+ Piy—1Piy 11~ P+ Piy%i,P1 - Piy—1Pin+1° - P+ %18

+pi, iy (X1, +X1,) D1+ Piy—1Piy+1°+* Piy—1Pi+1°** Pm

Now, S(E)  L1F(ps, —pi, v, ) R LRF (piy—,) (F)

it and only if - S(F) & Iy, Hpilxll)NLRF(pizﬂxlz)(?) =1

if and only it pi, (X1, FX,)P1 - Piy—1Pir 1 Pm +PinXbP1 - Piy—1Pig 1+ Pm + X1, +
Piy iy (X1, FX1,) P -+ Piy 1 Piy+1 -+ Piy—1Pip+1 -+ - Pm €valuates to 1 on 7

if and only if 7 satisfies any of the following conditions:
1. 7 € UTP;,(S) such that x;, +x;, = 0,
2. 7€ UTP;,(S) such that x;, = 0,
3. 7€ FP(S) such thatx;, = 1, or

m
4. 7€ (TP (S)NTP,(S)\ ( |J TPi(S)) such that x;, +x;, = 0.
iiiafiz

Hence, the result follows. O

It should be noted that there are two differences between detection conditions of Theorem 4.16(a)
and (b). First, detection condition 1 of Theorem 4.16(a) is related to term Pi, 5, which does not exist
in Theorem 4.16(b) when k;, = 1 (that is, when p;, contains just one literal). Second, detection

condition 4 of Theorem 4.16(a) (that is, ‘7 € NFP;, ;(S) such that x;, = 1”) differs from detection
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condition 3 in Theorem 4.16(b) syntactically. We say that these two conditions are syntactically

different because they are actually equivalent to each other when k;, = 1. It is because

7 € FP(S) such that x;, = 1

= 7€ FP(S)suchthat p;, =x2 = 0 and x;, = 1

7€ FP(S) such that p;, 1 =)E"12 =landx, =1

7€ NFP,, 1(S) such that x;, = 1 (Please be noted that j, = 1 when k;, = 1)

Hence, without loss of generality, we can still use the five detection conditions in Theorem 4.16(a)
to represent those of double-fault expression (16) in Table 1 for both situations in Theorem 4.16(a)
and (b), bearing in mind the non-existence of the detection condition 1 of (a) and the equivalence

between 7 € FP(S) such that x;, = 1" and ‘7 € NFP,, ;,(S) such that x;, = 1" when k;, = 1.

Theorem 4.17 (LIF with LRF - Case 2)

Let S=p1 + --- 4+ pm be a Boolean specification in irredundant disjunctive normal form. Suppose
that the literal x;, is inserted in the iy-th term, p;,, in S and the literal x’j‘2 in p;, is replaced by xi,
where 1 < iy <m, 1 < jop <k, k;, is the number of literals in p;, and x;, and x;, are two different
missing literals of p;, from different Boolean variables (that is, x;, # x;, and x;, # xi,).

(@) Whenk;, > 1, the resulting expression denoted as Iy is equivalent

Piy =iy ¥y )MLRF (piy —p; ;. x1,)

to that given by double-fault expression (17) in Table 1. Then, S # Irir( piy =iy 31, )RLRF (piy =y, 5 3,)

if and only if there is a test caset that satisfies any of the following conditions:

1. 7 € UTP;,(S) such that x;,x;, = 0, or

2. 7€ NFP; ;,(S) such that x; x;, = 1.

(b) When k;, = 1, the resulting expression denoted as Iy is equivalent to

Diy = Piy Xy ) NLRF(pil Hxlz)
that given by double-fault expression (17) in Table 1 without P, j, because p;, contains just one
literal. Then, S # Ik piy—piy X1, )X LRF(p, —xi,) if and only if there is a test case f that satisfies

any of the following conditions:
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1. 7 € UTP;,(S) such that x;,x;, = 0, or

2. 1 € FP(S) such that x;x;, = 1.

Proof : (a) First, we observe that S ® ILIF(pi1 — iy, )X LRF(piy —p;, 3 ;)

(Piy ® Py, 3, %0 X0)P1 - Piy—1Diy+1° " P

(Pi 3, 500 + Pi iy jy XX, ) P+ iy =1 i1+ P

(pi1x11x12 +l5ilpil,j2x11x12)ﬁ1 “Diy—1Piy+1° " Pm
(By making use of AB(ACD) = AB(CD) and AB(A) = AB(AB))

= Pi X, XL D1 Piy—1Piy+1° Pm+ Piy j,%0X1,

Now, S(?) % ILIF(pil —Diy X, )™ LRF(p;, —>pil$f2x12) (?)
if and Only if S(?) @ILIF(PJ'I _’pilxll)NLRF(Pil _)pil‘jlez)(?) =1
if and only it p;, X7, X5, p1 -+ Piy—1Piy+1 - P+ Py, j,%1,X1,S evaluates to 1 on 7

if and only if 7 satisfies any of the following conditions:
1. 7€ UTP;,(S) such that x;,x;, = 0, or

2. 1€ NFP;, 5 (S) such that x;,x;, = 1 .

Hence, the result follows.

(b) The proof is similar to that in (a) except that the term P}, does not appear in the proof.

First, we observe that S & IL,F(pi1 — piy X1, ) XLRF (piy =3, )

(Piy DX1,X1,) P1 -+ Piy—1Diy+1 " * Pm
= (Pille)% +I5i1xllxlz)l51 “Piy—1Pij+1° " Pm

= DXL XL P1 - Piy—1Pi+1" " Pm + Py X0 X1,
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Now, S(7) # ILIF(piIHpi]xll)MLRF(pil—>x12)(?)
if and only if  S(7) DILIF(pi, —piy 3, )NLRF(p[l—qu)(?) =1
if and only if  p;, X, X, P1 - Piy—1Piy+1°** Pm+ X1, X1,S evaluates to 1 on 7

if and only if 7 satisfies any of the following conditions:
1. 7 € UTP;,(S) such that x;,x;, = 0, or

2. 7 € FP(S) such that x;,x;, = 1.
Hence, the result follows. |

It should be noted that detection condition 2 in Theorem 4.17(a) (that is, ‘7 € NFP;, 7 (S) such
that x;,x;, = 1”) is equivalent to that in Theorem 4.17(b) (that is, ‘7 € FP(S) such that x;,x;, = 17).
The reason is similar to those given in the paragraph after Theorem 4.7. Hence, without loss of
generality, we can still use the detection conditions in Theorem 4.17(a) to represent the detection
conditions of double-fault expression (17) in Table 1 for k;, > 1, bearing in mind the equivalence

between 7 € FP(S) such that x; x;, = 1" and ‘7 € NFP;, ;,(S) such that x; x;, = 1” when k;, = 1.

4.4 LRF with other Faults

Theorem 4.18 (LRF with LRF - Case 1)

Let S=p1 + --- + p,, be a Boolean specification in irredundant disjunctive normal form. Suppose
that the literal x;'l in the iy -th term, p;,, is replaced by x;, and the literal x’fz in the ir-th term, p;,, is
replaced by x;, where 1 < iy <ip» <m, 1 < ji1 <k;, 1< j» <k, kiy and k;, are the numbers of

literals of p;, and p;,, respectively, and x;, and x;, are missing literals of p;, and p;,, respectively.

(a) When k; ,k;, > 1, the resulting expression denoted as ILRF(M1 —py 31 )MLRF (piy— py. 3 %1,) is
i.J1 ! ,J2
equivalent to double-fault expression (18) in Table 1. Then, S % ILRF(M1 —pi, %0 ) XLRE (piy—p;. 5 31,)
i1 ! 2,2

if and only if there is a test caset that satisfies any of the following conditions:
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(b)

(c)

1. € UTP;,(S) such that p;, 5 +x, = 0,
2. 1€ UTP;/(S) such that x;, +x;, = 0,
3. 1€ UTP;,(S) such that p;, + +x1, = 0,
4. 7 € UTP;,(S) such that x;, +x;, = 0,

5. 1 € NFP; - (S) such thatx;, = 1,

i1,J1

6. 1 € NFP; - (S) such thatx,, = 1, or

i2,j2
m
7. 7€ (TP, (S)NTPL(S))\ ( | TPi(S)) such that x;, +x;, = 0.
i?léli}iz
When k;, = 1 and k;, > 1, the resulting expression denoted as ILRF(ml—wzl)M LRF(piy—p,, 3 x1,)
2,J2

is equivalent to that given by double-fault expression (18) in Table 1 without Pi, 3 because p;,

contains just one literal. Then, S # I gp( piy—1, )X LRF( if and only if there is a test

Piy=Piy j,X1y)

caset that satisfies any of the following conditions:

1. 1€ UTP;,(S) such that p;, 5 +x, = 0,
2. 1€ UTP;,(S) such that x;, +x;, = 0,
3. 1€ UTP;,(S) such that x;, + x;, = 0,
4. 7 € FP(S) such thatx;, = 1,

5. 1 € NFP; : (S) suchthatx, = 1, or

i2,]2

m
6. 7€ (TP (S)NTP,(S))\ ( |J TP:i(S)) such that x;, +x;, = 0.
=1

=
i#i1,ip

When k;; > 1 and k;, = 1, the resulting expression denoted as I1RE( Piy—Pi; 31, )M LRF (piy =1, )
i.J1 !

is equivalent to that given by double-fault expression (18) in Table 1 without Pij, because p;,

contains just one literal. Then, we have S # I; gr Piy =Py, 31y )M LRE( if and only if there is
+J1

Piy _)xlz)

a test caseT that satisfies any of the following conditions:

1. 7 € UTP;,(S) such that x;, +x;, = 0,

2. 1€ UTP;,(S) such that p;, ; +x1, = 0,

Report Title : On Detecting Double Literal Faults Page 41 of 99
SWINBURNE Prepared by : Man Fai Lau and Ying Liu
UNIVERSITY OF | 08/10/2008

TECHNOLOGY



3. 1 € UTP;,(S) such that x;, + x;, = 0,

4. 7 € NFP; - (S) such thatx;, = 1,

i1,J1
5. 1 € FP(S) such thatx, = 1, or
6. 7€ (TP;, (S)NTP;,(S)) \ ( Lmj TP;(S)) such that x;, +x;, = 0.
i
(d) Whenk;, = ki, = 1, the resulting expression denoted as I gy piy—x1, )X LRF (piy—xi,) is equivalent
to that given by double-fault expression (18) in Table 1 without Pi and Pi, because both p;,
and p;, contain just 1 literal. Then, we have S # I1RF( piy =1, )X LRF (piy—x1,) if and only if there is

a test case T that satisfies any of the following conditions:

1. 7 € UTP;,(S) such that x;, +x;, = 0,

2. 1€ UTP;,(S) such that x;, + x;, = 0,

3. 1 € FP(S) such thatx;, = 1,

4. 7 € FP(S) such thatx;, = 1, or

5. 7€ (TP;,(S)NTP,(5)) \ ( Lnj TP;i(S)) such that x;, +x;, = 0.

=1
i#i1,i2

Proof : (a) First, we observe that S & ILRF(pi] —pi, 50 )X LRF (piy—py 5 1)

= ((piy +Pi) ® (i, ;%0 + Piy 3,%0)) P1 = Piy—1Piy+1 - Piy—1Pin41° - P

((piy + Pi) (i, 5, %0+ Piy %) + (Piy P (P, % + Py 3,%0)

1 Piy—1Pij+1" " Pi—1Pir+1""* Pm

i

(<pi1 +pi2)pi1,f1xll “Piy, j ¥l +ﬁi1pi2(pi17f1xll +pi2,f2xl2))

1" Piy—1Pij+1" " Pin—1Pir+1""* Pm

i

(i (Pry 1, %0) + P, (P77, %) -+ Piy Pia Py, j, % + iy P Py j,X1,)

1 'p_i171]5i1+1 .- -p_izflp_i2+1 < Pm (By making use of AB(E) = ABE)

i)

= (%1, (P, 3, Pin + Pis%ty + PinX1,) + Pir %y By, Piy + Pis By +Pir 1, )+ Piy Pis Piy 7, X1, + Piy Pia Py, j,¥1)
‘D1 Piy—1Piy+1 - * Dix—1Pir+1"* Pm
(By making use of AC =A - (AB) + (AB) -C+ABC and AB-A = AB)
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(Pi,ﬁ,z 5, PinE1y  Piy PiyXy X1y + Piy Py X1, %y + Py, 5, Py Pi X1y + Piy Pin X1, %y + iy Pin i K
+Pir PinPiy X1, + Piy PisPiy jyX0 ) P1++* Piy—1Piy 1+ Pi—1Diy 11+ Pm

= (Pilﬁiz,jzﬁizizl + Pis P 1,1, + Py, 5, P Pis, + iy Pio 51, + Piy Pi 1, %,
+Pi, PirPiy 5,1+ Pir PiaPiy 5, X1 ) P1*+* Piy—1Piy 417+ Pia—1Pio+1" " P

= PiyPiy X1 P1 - Piy—1Piy+1° " Piy—1Pi Dip+1*** Pm

+Pi, X1, X1, P1 e Piy—1Piy+1* Piy—1Piy Pip+1° Pm

+Pi, P, 5 XLP1 " Piy—1Piy Piy+1°* Piy—1Pir+1" " * Pm

+Piy X1, X1, P1 -+ Piy—1Piy Piy+1°* Piy—1Pip+1° " Pm

+Pi Pir X1, X, P1 - Piy—1Piy 1" Pia—1Piy+1""* Pm

+Piy ;%P1 Piy—1Piy Piy+1°** Pia—1Pi Dig+1 " * Pm

+Diy X0, P1 " Diy—1Piy Piy+1 - Pia—1Piy Pin+1" " Pm

= Pi (P, j, TX1)P1 -+ Pi—1Piy+1 -+ Pm+ Piy 0y FX0,)P1 ==~ Piy—1Diy 1+ P
+Pi2(m)ﬁ1 "'ﬁiz—lp_iz-i-l"-p_m—l—piz(M)ﬁl...piz_lﬁi2+l...l§m
+piy iy (X1, FX1)P1 -+ Piy—1Piy 1 Pin—1 Pin1 - P+ Piy %0, + Py 7,X1,S
= Pir(Piy jy TX0) PV Piv—1Piy+1 - P Piy (80 T X0 ) D1 Piy—1Pig+1 7+ P
+0i (P j, FX1)P1 - Pi=1Pig1 -+ P+ Piy (¥t FX1,)P1 -+~ Pip—1Piy1 - Pm

+pllu]_1xllg+p12,f2x12§+p11p12(-x11 +X[2)p1 .. p_llflp_l]+1 .. ~p_1271p_12+1 .. p_m
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Now, S() # ILRF(p;, —py, 5,1 ) XLRF (piy—pyy 5 31,) (7)

if and only if  S(7) DILRF (i, —p;, 5,1, )MLRF(p;zﬁpizlflez)(i’) =1

ifand only it pj, (p;, 5, +X1,)P1" Piy—1Piy+1°+* Pm + Piy (X, FX5,)P1 -+ Piy—1Piy+1°** Pm
+Pir(Pi, 5, FX1) P Piy—1Diy+ 17 P+ Pin (Xt FX1) D1+ Pi—1Pin+1°** Pm
+pi17j1x11§+Pi2,f2xlzg+Pi1Piz (X, +x15,)P1 -+ Piy—1Piy+1°** Pin—1Pi+1" " Pm
evaluates to 1 on 7

if and only if 7 satisfies any of the following conditions:
1. 7€ UTP;,(S) such that p;, 5 +x;, =0, or
2. 7€ UTP;,(S) such that x;, +x;, = 0, or
3. 7€ UTP;,(S) such that p; + +x;, = 0, or
4. 7 € UTP;,(S) such that x;, +x;,, = 0, or
5. 1 € NFP; 5 (S) such that x;, =1, or

6. 7 € NFP, ;(S) suchthatx, =1, or

2, 12

7. 7€ (TP, (S)NTP,(S U TP;(S)) such that x;, +x;, = 0.

l?'éll N7
Hence, the result follows.

(b) The proof is similar to that of (a) above except that the term P}, does not appear in the proof.

First, we observe that S @ ILRF(M1 1, )X LRF(piy P, 5, 31,)

= ((piy +Pi) © (%1, + Py 1, %0,)) P1 -+ Piy—1Piy 11+ Piy—1Dip+1-* P

pl[ +P12 (xll +p12 ]lez) + (pll +P12)<xll +P,2 flez)) 'p_l o 'p_ilflﬁiH»l o 'ﬁizflp_iz%»l ot p_m

( Pi, +p12 xll plg j2x12 +p11p12('xll +p12 j2xlz)) 'ﬁl o 'ﬁilflﬁi1+1 o 'p_izflp_iqul e p_m
(pllxll p12 jlez +p12xllel +P11P12x11 +P11p;2p12 szlz) pl .. ‘151'171151'1+1 . 'p_izflpinrl .. pm
(By making use of AB(AC) = ABC)
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= (pi %1, (Pyy. j, Pio + Pir%iy + PioX1,) + P (Piy %1y + Pis%1,) + Piy Pin Xy + iy Pia Py 7,51,
"Pre Piy—1Diy+1° " Pip—1Dir+1""* Pm
(By making use of AC = A - (AB) + (AB) -C+ABC and AB-A = AB)

(pi, Piy 5, PirXty + Piy Pin X1, X1y + Piy Pin X1, X1y + Piy Pi X1, X1, + Piy Pi Xy X1, + Piy Pin X1y + Piy p_izpizjlez)

1 Piy—1Pii+1" " Pi—1Pir+1""* Pm

i

(pilp_iz,fzﬁizfll + Piy Pir X1, X1, + Piy Pir X1, X1, + Piy PinX1, X1, + Piy Pin X1, ‘l‘ﬁilﬁizpizjlez)
P17 Piy—1Piy+1" " Pir—1Pir+1"" " Pm

= pilpiz,flelp_l o Piy—1Piy+1 " Piy—1PinPin+1"** Pm

+ i X1, X, D1+ Piy—1Diy 1 Piy—1 PiyPig+1"** Pm

P X1 X, D1 Piy—1Diy Piy+1° " Pia—1Pip+1"" " Pm

+Pi Pir X1, X, P1 - Piy—1Piy 17" Pia—1Pip+1" " Pm

X, D1 Piy—1Piy Piy+1 " Pip—1Pi Pip+1" " " Pm

+Diy X0, P1 " Diy—1Piy Piy+1 - Pia—1Pir Pin+1" " Pm

= Pi (piz,f2+xll>ﬁl”'ﬁil—lp_iﬂ—l o Pm~+ Diy (xll +xlz)P_l"'l§i1—lﬁi1+l “*Pm

+piy (X1, +X5,)P1 - Piy—1Pig 17+ P+ Piy Pi (X1, +X15)P1 -+ Piy—1Piy+1* * Piy—1Dir+1°** Pm
+x,S+ py, 7%,

= pis(Piy.j, TX1,)P1+ Piy—1Pi+1 - P+ piy (X, FX0,) P1-* Piy—1Piy 41+ P

+piy (%1, FX1,) 1+ Piy—1Pin 41 - Pm+%1,8 + Py, 7%,

+Piy Piy (X1, +X1,) D1+ Diy—1Diy+1°+* Piy—1Dip+1" " Pm
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Now, S(7) # ILRF (pi, —x1, )X LRF (i —Pyy 5,) (7)
() =1

ifand only it pj, (p;, 5, +X1,)P1" Piy—1Piy+1° Pm + Piy (X, FX5,) D1+ Piy—1Piy+1°** Pm

if and only if ~ S(7) @ILRF(p[I—>xll)MLRF(p,'2—>pi2ﬁf2xl2

+Piy (61, FX5)P1 - Piy—1 Pyt P+ 30,8 + iy 1,30
+Pi Pi (X1, +X1,) P1+* Piy—1Piy+1+* Piy—1 Pig+1 -+ P Valuates to 1 on 7
if and only if 7 satisfies any of the following conditions:
1. 7€ UTP;,(S) such that p;, ; +x;, =0, or
2. 7€ UTP;,(S) such that x;, +x;, = 0, or
3. 7 € UTP;,(S) such that x;, +x;, = 0, or

4. 7€ FP(S) such that x;, = 1, or

5. 7 € NFP; ; (S) suchthatx, =1, or

2, ]2

6. 7€ (TP;,(S)NTP;(S U TP;(S)) such that x;, +x;, = 0.

17511712
Hence, the result follows.

(c) The proof is similar to that of (b) except that Piyj, does not appear in the proof instead of Pi 3,

We will omit the proof here.

(d) The proof is similar to that of (a) above except that both Pi, i and Pij, do not appear in the

proof. We proceed the proof as follows.

First, we observe that S & ILRF(Pil —x1, )X LRF(piy—x1,)

= ((Pil + pir) © (x +xl2))131 “ Diy—1Pii+1" " Piy—1Pir+1""* Pm

pll +plz (xh +X12) + (pil +Pi2)(xll +xlz)) 'ﬁl o 'ﬁil—lﬁil—i—l o '151’2—1151’2—1—1 o 'pm

( pi +plz X1, X1, +pllpl2<xll +x12)) “P1° " Piy—1Piy+1" " Pir—1Dir+1" " Pm

lexllxlz +P12xllxlz +pllp12-xll +p11p12xlz) p : 'p_ilflp_l'rkl o 'p_i271pi2+1 o 'pm

Report Title : On Detecting Double Literal Faults Page 46 of 99
SWINBURNE Prepared by : Man Fai Lau and Ying Liu
UNIVERSITY OF | 08/10/2008

TECHNOLOGY




= (pi, Pin X1, %1, + Piy Pir %1, %1, + Piy Pin1, %1, + iy Pin X1, + Piy Pio i)
D1 Piy—1Diy 11" Piy—1Diy+1"** Pm
(By rewriting ACD + BCD as ABCD + ABCD + ABCD because they are equivalent)
= Piy X, X, P1 - Piy—1Pi 41" Pi—1Piy Din+1+** Pm
+Piy X1, X1, P1 iy —1Piy Piy+1* Piy—1DPip+1° " Pm
+Pi P Xty X, P10 Piy—1Piy+1° " Pia—1Pig+1° " Pm
X1, P1e Piy—1Pi Piy+1" " Pip—1Pi Dig+1 " Pm
+X1,P1* Piy—1Piy Piy+1* Pin—1Pi Din+1"** Pm
= piy (%1, FXp)P1 -+ Piy—1Piv+ 1 P+ Piy (81, +X0) D1 Piy—1 Pig1 -+ Pm
+Piy Pio (X, FX1)P1 - Piy—1Pi 1+ Piy—1 Pig+1 -+ P+ X1, S+ X1, S
= pi, (X, FX5)P1e+ Piy—1Piy+1 P+ Pis (1, FX0) D1+ * Pin—1Din1°+* P+ X1, S + 1,8
+Piy Piy (X1, FX0,) D1+ Diy—1Piy+1* Pia—1Dip+1°"* Pm
Now, S(E) # ILRF(pi, —x, ) R LRF (piy—,) (F)
itand only it S(7) ® ILrr(p;, o, ) LRF(pry ) @) = 1
it and only it pi, (X1, Fx5,)P1 - Pis 1 Py 11+ P+ Piy (X1, FX5) 1+ Piy1Pin 1+ - P+ X1, S
+x1,8 + piy Piy (%1, FX1,)P1 -+ Piy—1Piy +1° - Piy—1Pir+1- -~ Pm €valuates to 1 on 7

if and only if 7 satisfies any of the following conditions:
1. 7 € UTP;,(S) such that x;, +x;,, = 0, or
2. 7€ UTP;,(S) such that x;, +x;, = 0, or
3. 7€ FP(S) such thatx;, =1, or
4. 7 € FP(S) such that x;, = 1, or
m
5. 7€ (TP, (S)NTP,(S))\ ( |J TPi(S)) such that x;, +x;, = 0.

=1
i#i1,ip

Hence, the result follows. [l

It should be noted that there are two differences between detection conditions of Theorem 4.18(a)
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and (b). First, detection condition 3 of Theorem 4.18(a) is related to term Pi, ji which does not exist
in Theorem 4.18(b) when k;, = 1 (that is, when p;, contains just one literal). Second, detection
condition 5 of Theorem 4.18(a) (that is, ‘7 € NFPil’j-1 (S) such that x;, = 1”) differs from detection
condition 4 in Theorem 4.18(b) syntactically. We say that these two conditions are syntactically

different because they are actually equivalent to each other when k;, = 1. It is because of the

following reason

7 € FP(S) such that x;, = 1

= 7€ FP(S)suchthat p;, =x} =0andx, =1

= 7€ FP(S)suchthat p; g =7 =1landx, =1

re NFP; 1(S) such that x;, = 1 (Please be noted that j; = 1 when k;, = 1)

Hence, without loss of generality, we can still use the seven detection conditions in Theorem 4.18(a)
to represent the detection conditions of double-fault expression (18) in Table 1 for both situations in
Theorem 4.18(a) and (b), bearing in mind the non-existence of the term P, j, and the equivalence
between ‘7 € FP(S) such that x;, = 1" and ‘7 € NFP;, 7 (S) such that x;, = 1" when k;, = 1. Similarly,
we can use the seven detection conditions in Theorem 4.18(a) to represent the detection conditions
of double-fault expression (18) in Table 1 for situations in Theorem 4.18(a), (b), (c) and (d), bearing
in mind the non-existence of the term p; » and the equivalence between ‘T € FP(S) such that x;,

= 1"and 7 € NFP,, ;,(S) such that x;, = 1" when k;, = 1.

Theorem 4.19 (LRF with LRF - Case 2)
LetS = p1+---+ pm be a Boolean specification in irredundant disjunctive normal form. Suppose
that two literals x?] and x’]l2 in the iy -th term, p;,, in S are replaced by x;, and x;,, respectively, where
1 <iy <m, 1< ji < jo <k, ki is the number of literals of p;, and x;, and x;, are two different
missing literals of p;, from different Boolean variables.

(@) When ki, > 2, the resulting expression denoted as Ij g

Piy=Pi, j, % )MLRF (piy —p;, 5 x,) 1S €QUIVE

alent to double-fault expression (19) in Table 1. Then, S # I1RE( y if

pil _>pi1,]?1x11 ) NLRF([),'l —>pi1,]¢2X12
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and only if there is a test caset that satisfies any of the following conditions:

1. 7 € UTP;,(S) such that x; x;, = 0,
2. fe NFPil,fl (S) such thatxllxlz =1,
3. 1€ NFP;, 5,(S) such that x;,x;, = 1, or

4. 7€ FP(S) such that p;, 5 5, = 1 andx; x;, = 1.

JJ2

(b) Whenk;, =2, the resulting expression denoted as I g is equiva-

Piy=Pj, ;%1 )X LRE(piy —p;, 5 Xi,)

lent to that given by double-fault expression (19) in Table 1 without Piij b because p;, contains

just two literals. Then, S # ILRF(pi1 —p; ) MLRE( if and only if there is a test case t
i1

Piy—Pj, j,%1)

that satisfies any of the following conditions:

1. 7 € UTP;,(S) such that x;,x;, = 0 or

2. 1€ FP(S) such that x; x;, = 1.

Proof : (a) First, we observe that S@ILRF(piﬁp,-l,;lle)NLRF(pil —pi, %)

(Piy ® Py, 3, %0 XR) D1 Piy—1Pii 1 Pm

(Pis 3,y X0 Pis Py, j, jy 0% ) PL -+ Piy =1 Pin 1 P

(Pi X0, X1, + Piy Py, 3, 3, X0%1) D1 Piy—1Diy+1"* Pm
112
(By making use of ABC(ADE) = ABC(DE))
= <pi1xllx12 + Diy Piy j, X1, X, + Piy Piy %0 %5L + Pi Py ,jlelxlz)ﬁl “Pi—1Pi+1°" " Pm

(By rewriting (ABC)A as (ABC)A(B)C + (ABC)AB(C) + (ABC)A(B)(C)

because they are equivalent)
= PisXi X P1e Piy—1Di+1 " Pm+ Piy [ X0 %0D1 Piy—1Piy Diy+1 "~ Pm
+Di, X0 XLP1 Piy—1Pi Piy+1 " Pm =+ Dy 5, X0 X0 D1 Piy—1Diy Diy+1 " Dm

= DXL XL P Piy—1Pi 41 Pm + Piy 5, X0 X0S8 + Piy 5,%0X08 + iy 5, X0 XS
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Now, S(F) # Irr(p, —py, 5,1 )XLRF (piy =Dy, 5 3x,) ()

if and only if  S(7) DILRF (i, —p;, 5,1, )MLRF(p[IHpillflez)(i’) =1

ifand only if  p;\ X1, X, P1 -+ Piy—1Piy+1- - Pm + Py f, x1,%,8 + pj, ,flelxlzs + Diyj ,flelxlzg
evaluatesto 1 on 7

if and only if 7 satisfies any of the following conditions:
1. 7 € UTP;,(S) such that x;,x;, = 0,
2. 7€ NFPiljl (S) such that XX, =1,

3. 7 € NFP; ; (S) such that x;,x;, = 1, or

i1,2

4. 7€ FP(S) suchthat p; 7 » =1and x;x;, = 1.

J1J2
Hence, the result follows.

(b) The proof of this part is similar to (a) above except that the term Pi, does not appear in the

7;1 7f2

proof. We proceed the proof as follows.

First, we observe that S © ILRF(pi1 —pi, %, )X LRF(pi,—p;. 5 )

(i, @x1,%1,)P1 -+ Piy—1Diy+1°** Pm
= (i X% + P X1, X)) B+ iy 1 Py 41+ D
= Pi XL XL D1 Piy—1Piy+1 " Pm + Piy X, X1, D1+ Piy—1Diy+1 " * Pm

= Pi X1, XL P11 Piy—1Pij+1° " Pm + X, X1,S

Report Title : On Detecting Double Literal Faults Page 50 of 99
SWINBURNE Prepared by : Man Fai Lau and Ying Liu
UNIVERSITY OF | 08/10/2008

TECHNOLOGY




Now, S(?) 7£ ILRF(p,-] —Pi, ;% ) MLRF(p,-] —=Pp;, ,flez) (7)
if and only if  S(7) SILRF(pi, —p;, 53, )NLRF(pilﬁpillflez)(?) =1
if and only i p; X, X, 1 -+ Piy—1Piy+1 - Pm +X1,%,,S evaluates to 1 on 7

if and only if 7 satisfies any of the following conditions:
1. 7 € UTP;,(S) such that x;,x;, = 0 or

2. 7 € FP(S) such that x;,x;, = 1.
Hence, the result follows. ]

It should be noted that detection conditions 2, 3 and 4 of Theorem 4.19(a) are just syntactically
different from the detection condition 2 of Theorem 4.19(b). In fact, they are actually equivalent to
each other when k;, = 2 (that is p;, contains just two literals). The reason is similar to that in the
paragraph after Theorem 4.13. Hence, without loss of generality, we can still use the four detection
conditions in Theorem 4.19(a) to represent the detection conditions of double-fault expression (19)
in Table 1 for k;; > 2, bearing in mind that the detection conditions 2, 3 and 4 degenerate to ‘7 e

FP(S) such that x;, x;, = 1" when k;, = 2.

In summary, for ease of reference, we list all double fault classes and their corresponding fault
detection conditions in Table 2. Let us consider the third row of Table 2, which presents the detection
conditions of two double-fault expressions of LNF x LIF. For double-fault expression (5) (please
refer to Table 1 for the actual double-fault expression), the detection condition shows that “any

m m
point in TP;, (S)\ ( | TPi(S)) such that p;,x;, = 07, “any point in TP;,(S)\ ( | J TPi(S)) such
iHir i
that p; 5 +x;, = 07, or “any point in NFP; s (S)” can distinguish between S and the double-fault

expression (5).
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Table 2: Double fault, double-fault expression and detection condition (S = p1+...+ pn)

Fault Class | (Expression No.): Detection Condition

LNF x LNF | (1): (C1) any point in < U TP;(S ) such that p;, 7,=0 or
zs«éz_l,zz

(C2) any point in ( U TP;(S ) such that p;, 7 =0 or
,7271712

C3) any point in NFP;
C4) any point in NFP;

S) or
5)

a Jl<

i

C1) any point in UTP;,(S) o
C2) any pointin FP(S) such that p; 7 7 =1

C2) any pointin NFP; - (S) or
C3) any pointin NFP;, 5 (S)

I Jl<

C1) any point in UTP;,(S) or

(C3)
(C4)
(C1)
(C2)
LNF x LOF | (3): (C1) any pointin UTP;, (S) such that pi, 5, =0o0r
(C2)
(C3)
(C1)
(C2) any pointin FP(S) such that p, 7, j, =1

LNF x LIF | (5): (C1) any pointin <TP,~1 (S)\ U TP;( ) such that p;,x;, =0 or
i?'il;l}iz
(C2) any point in ( U TP;(S ) such that p;, 7 +x;, =0 or

i=1

i#iy,ip

(C3) any point in NFP; - (S)

1.1
(6): (C1) any pointin UTP;,(S) or

(
)

(C2) any point in NFP;, 5 (S) such that x;, =1
)

LNF x LRF | (7): (C1) any point in <TP,, ($)\ ( U TP(S )such that p, ;. xi, =0 or

t;ézl i
(C2) any point in < U TP;( ) such that p;, 7 +x;, =0 or

17511,12
C3) any pointin NFP; = (S) or

C4) any pointin NFP;, 5 (S) such thatx;, =1

1.1
2./2
C1) any point in UTP;,(S) or

LOF x LOF | (9): (C1) any pointin NFP; - (S) or

C2) any pointin NFP;, 7 (S)

a1 Jl(

(C3)
(C4)
(C1)
(C2) any point in FP(S) such that Piqp%h =1
(C1)
(C2)
(C1)

(10): (C1) any point in FP(S) such that p; j ; =1

Report Title : On Detecting Double Literal Faults Page 52 of 99
SWINBURNE Prepared by : Man Fai Lau and Ying Liu
UNIVERSITY OF | 08/10/2008

TECHNOLOGY




Table 2 (cont'd) Double fault, double-fault expression and detection condition (S = p1 + ...+ pm)

Fault Class | (Expression No.): Detection Condition

LOF x LIF | (11):(C1) any point in UTP;,(S) such that Pi 5 XL = 0or

C2) any pointin NFP;, ; (S)
LOF x LRF | (12): (C1) any point in UTP;,(S) such that Piy j, X, =0or
C2) any pointin NFP;, 5 (S) or
C3) any pointin NFP;, 7 (S) such that x;, = 1
,(S) such that x;, = 0 or
i,.7,(S) such that x;, = 1 or

C3) any point in NFP;, 12( ) such that x;, =1 or
C4) any pointin FP(S) such that p;, 7 7 x, =1

LIF x LIF (14): (C1) any point in UTP;, (S) such that x;, = 0 or

(
(
(
(
(13): (C1) any point in UTP;
(
(
(
(
(C2) any point in UTP;,(S) such that x;, = O or

)
)
)
)
)
C2) any point in NFP;
)
)
)
)

(C3) any point in ((TP,~1 (S)NTP;, (S U TP(S ) such that x;, +x;, = 0
bt

i#i1,

1) any point in UTP;, (S) such that x;,x;, = 0

o0

LIF x LRF | (16):(C1) any point in UTP;,

(C1)

(C1) S) such that P, ;, TX, =0or
(C2) any point in UTP;,
(C3)

(C4)

)
)
S) such that x;, +x;, =0 or
)
(

~—~~ —~ |

C3) any point in UTP;,(S) such that x;, = 0 or

C4) any point in NFP;_

- (S) such that x;, = 1 or

2:J
(C5) any pointin ((TP;,(5)NTP;(S U TP,(S)) ) suchthat x;, +x, = 0

z;éll in

(17): (C1) any point in UTP;, (S
C2) any point in NFP;

) such that x;,x;, = 0 or
h.b (S) such that x;,x;, = 1

(C1)

(C2)

LRF » LRF | (18): (C1) any point in UTP;, (S) such that p; » +x;, =0 or
(C2) any point in UTP;, (S) such that x;, +x;, = 0 or
(C3) any point in UTP;, (S) such that p; » +x;, =0 or
(C4) any point in UTP;,(S) such that x;, +x;, = 0 or
(C5) any point in NFP;, 5 (

(C6) any point in NFP; - (S) such thatx;, =1 or

S) such that x;, =1 or

2

2]
(C7) any pointin (( 0 (S)YNTP,(S U TP;( ) such that x;, +x;, =0
v

i) ,ip

(19): (C1) any point in UTP;,(S) such that x;,x;, = 0 or
(C2) any point in NFP;
(C83) any point in NFP;, 5 (
(C4) any point in FP(S) such that Piij.p = Landx;x, =1

i,.7, (S) such that x;,x;, = 1 or

S) such that x;,x;, = 1 or
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All double-fault expressions

Exp.14
Exp.16
Exp.18

Figure 1: Double-fault expressions detected by each strategy

5 Fault Detection Capability of Existing Strategies

In this section, we analyse the fault detecting capability of the strategies as mentioned in Sec-
tion 2.3, namely, the BASIC, MUMCUT, MAX-A and MAX-B strategies, with respect to all 19 double-
fault expressions related to double literal faults. As a reminder, please note that the MAX-B strategy
subsumes the MAX-A strategy, which in turn subsumes the MUMCUT strategy, which in turn sub-

sumes the BASIC strategy.

Figure 1 indicates the double-fault expressions studied in this report that can be detected by each
strategy and those that cannot be detected.! Hence, it summarizes our results in this section. The

discussion is outlined as follows

'In an earlier version of this technical report, we cannot prove that the MAX-A strategy, and hence the MAX-B
strategy, can detect double-fault expressions (13) and (19). Nor can we find counterexamples that the MAX-B strategy,
and hence the MAX-A strategy, cannot detect these two double-fault expressions. However, in this revised version, we
are able to prove that the MAX-A strategy (and hence, the MAX-B strategy) can detect double-fault expression (13) in
Theorem 5.7, (19) in Theorem 5.9. Theorem 5.7 relies on Lemma 5.1 which is quite tricky to prove, and Theorem 5.9

on Lemma 5.2. Please see the proofs of these two lemmas in detail.
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1. In Section 5.1, we show that the BASIC strategy can detect double-fault expressions (1)
to (12). Furthermore, we illustrate using example that the BASIC strategy cannot detect

double-fault expression (15).

2. In Section 5.2, we show that the MUMCUT strategy can further detect double-fault expres-
sion (15) in addition to double-fault expressions (1)—(12), As a result, the MUMCUT strategy
can detect 13 double-fault expressions. Furthermore, we illustrate using examples that the

MUMCUT strategy cannot detect double-fault expressions (13), (17) and (19).

3. In Section 5.3, we show that the MAX-A strategy can further detect double-fault expres-
sions (13), (17) and (19) in addition to detecting all double-fault expressions detected by the

MUMCUT strategy. As a result, the MAX-A strategy can detect 16 double-fault expressions.

4. In Section 5.4, we illustrate using examples that the MAX-B strategy cannot detect double-
fault expressions (14), (16) and (18). Hence, the MAX-B strategy can detect the same 16

double-fault expressions that can be detected by the MAX-A strategy.

5.1 The BASIC Strategy

In this section, we prove in Theorems 5.1 to 5.2 that, for double-fault expressions (1) to (12) in

Table 1, the test set selected by the BASIC strategy satisfies their detection conditions in Table 2.

Table 3 summarizes the double-fault expressions and the corresponding detection conditions satis-
fied by the BASIC strategy. As a result, any strategy that subsumes the BASIC strategy can detect

these 12 double-fault expressions.

Theorem 5.1 Let S = p; +---+ p,, be a Boolean expression in irredundant disjunctive normal
form. Suppose that T is the set of near false points formed by selecting a near false point from

every NFP; :(S). Then T satisfies the following conditions:
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Table 3: Conclusions in Theorems 5.1 and 5.2 satisfying detection conditions in Table 2

Double-fault Expression | Detection Condition Conclusion in
Theorem 5.1 | Theorem 5.2
(1) (G3) (1) -
(C4) (1) -
(@) (C1) - (1)
(3) (G2) (1) -
(G3) (1) -
(4) (C1) - (1)
(G2) (@) -
() (C1) - (@)
(G3) (1) -
(6) (C1) - (1)
(7) (G3) (1) -
(8) (C1) - (1)
9) (C1) (1) -
(G2) (1) -
(10) (C1) 3) -
(11) (C2) (1) -
(12) (G2) (1) -
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1. There existst € T such thatt € NFP; +(S) foranyi and j where 1 <i<mand 1< j<k.

2. There exists { € T such thatt € FP(S) such that p, ; » =1 where p, = » can be obtained

from p; by negating x'; and omitting x',, 1 <i<mand1< ji < jo <k

3. There exists € T such thatt € FP(S) such that p; ; = =1 where p, ; - can be obtained

from p; by omitting xi.l andxé-z, 1<i<m, 1< ji < jo<kiandk; > 2.
Proof : Since S is in IDNF, NFP, (S) # 0 for every i and ;.

1. By definition of T, there exists 7 € T such that 7 € NFP; 5(S).

2. By definition of T', there exists 7 € T such that 7 € NFP; 5, (S) C FP(S). Therefore, all literals

of p; (that is, x{,---,x; ) evaluate to 1 except x’;, which evaluates to 0 on 7. Therefore,
i

AT A | R
Pijijp =% X 1K1 xki, L.

3. By definition of T', there exists 7 € T such that 7 € NFP, ;, (S) C FP(S). Therefore, all literals
of pi (that is, x{,---,x;) evaluate to 1 except x’; which evaluates to 0 on 7. Therefore,

ey d o
Pijijy = X1 XX Xy X X = 1

Hence, the result follows. [l

Theorem 5.2 Let S = p; +---+ pn be a Boolean expression in irredundant disjunctive normal
form. Suppose that T is the set of unique true points formed by selecting a unique true point from

every UTP;(S). Then T satisfies the following conditions

1. There existst € T such that? € UTP;(S) for any i where 1 <i < m.

m
2. There existsT € T such that? € TP;, (S)\ ( | TPi(S)) such that p;,x;, =0 where x,, is a
i—1

i?lé?l,iz
missing literal of p;, and 1 < iy <ip <m.
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Proof : Since S is in IDNF, UTP;(S) # 0 for every i.

1. By definition of T, there exists 7 € T such that 7 € UTP;(S).

m
2. By definition of T, there exists 7 € T such that 7 € UTP;,(S) = (TPil S\ (U TP,~(S))) c
i

=1
i#£i]
m m m
<TP51 SN Y TPi(S))> because (| J TPi(S)) 2 ( | TPi(S)). Therefore, p;, evalu-
i i i
ates to 1 and all other terms of S evaluate to 0 on 7. Thus, p;,x;, = 0-x;, = 0.
Hence, the result follows. U

Theorem 5.3 LetS = p;+---+ p,, be a Boolean expression in irredundant disjunctive normal form.

The BASIC meaningful impact strategy can detect double-fault expressions (1)—(12) in Table 1.

Proof : Let T be a test set generated by the BASIC strategy. Therefore, T contains a test case
from every UTP;(S) and a test case from every NFP, ;(S). Hence, by Theorems 5.1 and 5.2, T
satisfies the conclusions in these theorems. Now, Table 3 indicates that these conclusions satisfy
the detection conditions of double-fault expressions (1) to (12). As a result, T can detect all these

double fault expressions. Hence, the result follows. O

Theorem 5.4 Let S = p1 +--- + pm be a Boolean expression in irredundant disjunctive normal
form. Any test case selection strategy that subsumes the BASIC meaningful impact strategy can

detect double-fault expressions (1)—(12) in Table 1.

Proof : By Theorem 5.3 and the definition of subsumption of test case selection strategy. 0

In the following, we use an example to illustrate that the BASIC strategy cannot detect double-fault

expression (15).
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Table 4: All unique true points and near false points of S = ab + cde

i 1 2

UTP;(S) | 11000,11001,11010,11011,11100,11101,11110 | 00111,01111,10111

AUUﬁJ(S) 01000, 01001, 01010, 01011, 01100, 01101, 01110 | 00011, 01011, 10011

AUV%Q(S) 10000, 10001, 10010, 10011, 10100, 10101, 10110 | 00101, 01101,10101

NFP,;5(S) - 00110, 01110,10110

Example 5.1 Let S = ab + cde. Table 4 lists the sets UTP;(S) of all unique true points for every
possible i and the sets NFPij(S) of all near false points for every possible i and j pair. Suppose the
literals ¢ and d are inserted into the first term of S, the resulting double-fault expression is equivalent
to I = abcd + cde, which is a special instance of double-fault expression (15). Note that S and I are

not equivalent because S and I evaluate to 1 and 0 on 11000, respectively.

Let T be the set {11110, 00111, 01001, 10001, 00011, 00101, 00110}. Test cases in T are
underlined in Table 4 for ease of reference. T satisfies the BASIC strategy. However, T cannot

distinguish between § and I because S and I agree on all points in 7. O

5.2 The MUMCUT Strategy

Since the MUMCUT strategy subsumes the BASIC strategy, by Theorem 5.4, it also detects the
12 double-fault expressions that the BASIC strategy detects. In the following, we show that the
MUMCUT strategy can detect double-fault expression (15). More precisely, the test set generated
by the MUMCUT strategy satisfies the detection condition of double-fault expression (15). As a

result, the MUMCUT strategy detects a total of 13 double-fault expressions.

Theorem 5.5 Let S = p1 +--- + pm be a Boolean expression in irredundant disjunctive normal
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form. Suppose that two different missing literals x;, and x;, of the term p;, is inserted into the term,
the resulting expression denoted as I is equivalent to double-fault expression (15) in Table 1. The

MUTP strategy can detect double-fault expression (15) provided that S # 1.

Proof : Since S # I, by Theorem 4.15, there is a test case fy € UTP;,(S) such that x;,x;, = 0.

Hence, we have the following two cases

1. 1o is such that x;, = 0. Then, the set X = {7 € UTP;,(S) : x;, = 0} is non-empty. As a result,

the MUTP strategy can select a point from UTP;, (S) such that x;, = 0.

2. 1o is such that x;, = 0. The proof is similar to 1 above.

Hence, the result follows. O

Theorem 5.6 Let S = p1 +---+ pn be a Boolean expression in irredundant disjunctive normal
form. Any test case selection strategy that subsumes the MUMCUT meaningful impact strategy

can detect double-fault expressions (1)—(12) and (15) in Table 1.

Proof : By Theorems 5.4 and 5.5 and the definition of subsumption. 0

We now illustrate that the MUMCUT strategy cannot detect double-fault expressions (13), (17)

and (19) in Examples 5.2, 5.3 and 5.4, respectively.

Example 5.2 Let S = abcd + abcé + abe + abe. Table 5 lists the sets UTP;(S) of all unique true
points for every possible i and the sets NFP; ;(S) of all near false points for every possible i and
J pair. Suppose that the literal a of the first term abcd is omitted from the term and the literal
b of abcd is replaced by the literal e, the resulting double-fault expression is equivalent to 1 =
cde+abcé + abe + abe, which is a special instance of double-fault expression (13). Note that S and

I are not equivalent because S and I evaluate to 0 and 1 on 00111, respectively.
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Table 5: All unique true points and near false points of S where S = abcd + abce + abe + abe

i 1 2 3 4
UTP;(S) | 11111 | 11100 | 01001,01011,01101, 01111 | 10001,10011, 10101, 10111
NFP,1(S) | 01110 | 01100, | 11001,11011, 11101 00001, 00011, 00101, 00111
| 01110
NFP,5(S) | 10110 | 10100, | 00001, 00011, 00101, 00111 | 11001, 11011, 11101
| 10110
NFP,5(S) | 11010, | 11000, | 01000, 01010, 01100, 01110 | 10000, 10010, 10100, 10110
’ 11011 | 11010
NFP,;(S) | 11101 | 11101 |- -

Let T be the set {11111, 01110, 10110, 11010, 11011, 11101, 11100, 01100, 10100, 11000,
01011, 01101, 00011, 00101, 01010, 10011, 10101, 10010}. Test cases in T are underlined in
Table 5 for ease of reference. The set T satisfies the MUMCUT strategy. However, T' cannot be

used to detect I because S and I agree on all points in 7. O

Example 5.3 Let S = abc + bed + beé + bef + éef + bef. Table 6 lists the sets UTP;(S) of all
unique true points for every possible i and the sets NFP,-J(S) of all near false points for every
possible i and j pair. Suppose that the literal d is inserted into the first term abc and the literal ¢
in abc is replaced by the literal e, the resulting double-fault expression, denoted as 1/, is equivalent
to abde + bed + beé + bef + e f + be f, which is a special instance of double-fault expression (17).

Note that § and I are not equivalent because S and [ evaluate to 0 and 1 on 110111, respectively.

Let T be the set {111110, 011110, 101011, 101100, 110011,110100, 011010, 001000, 010000,
011100, 001100, 101001, 010100, 110001, 001110, 101010,101000, 001111, 010110, 110010,
110000,010111,011111}. Testcasesin T are underlined in Table 6 for ease of reference. The set
T satisfies the MUMCUT strategy. However, T cannot be used to detect I because S and I agree

on all pointsin 7. O

Example 5.4 Let S = abc + bed + beé + bef + cef + bef, which is the same expression as in

Example 5.3. Suppose that the literals b and c in the first term abc are replaced by the literals d and
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Table 6: All unique true points and near false points of S(= abc + bed + beé + be f + cef + bef)

l 1 2 3 4 5 6
UTP;(S) | 111110 011010 011100 001010, 010010, 011111
001110, 010110,
101010, 110010,
101110 110110
NFPM(S) 011110 001000, 001000, 011110 011110 001001,
001001, 001001, 001011,
001011, 001100, 001101,
101000, 001101, 001111,
101001, 101000, 101001,
101011 101001, 101011,
101100, 101101,
101101 101111
NFPLQ(S) 101000 010000, 010000, 000000, 000000, 010001,
101001, 010001, 010001, 000100, 000100, 010011,
101011, 010011, 010100, 001000, 010000, 010101,
101100, 110000, 010101, 001100, 010100, 010111,
101101, 110001, 110000, 100000, 100000, 110001,
101111, 110011 110001, 100100, 100100, 110011,
110100, 101000, 110000, 110101,
110101 101100 110100 110111
NFPiS(S) 110000, 011110 011110 000011, 000011, 011110
110001, 000111, 000111,
110011, 001011, 010011,
110100, 001111, 010111,
110101, 100011, 100011,
110111 100111, 100111,
101011, 110011,
101111 110111
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e, respectively, the resulting double-fault expression is equivalent to I = ade + bed + beé + be f +
cef + bef, which is a special instance of double-fault expression (19). Note that S and 7 are not

equivalent because S and I evaluate to 0 and 1 on 110111, respectively.

Let T be the same test set as in Example 5.3 that satisfies the MUMCUT strategy. However, T

cannot be used to detect I because S and I agree on all points in T'. O

5.3 The MAX-A Strategy

In this section, we prove that the MAX-A strategy can further detect double-fault expressions (13),
(17) and (19) in addition to those detected by the MUMCUT strategy. More precisely, Theorems 5.7,
5.8 and 5.9 show that test sets generated by the MAX-A strategy satisfy the detection conditions of

double-fault expressions (13), (17) and (19), respectively.

We need the following lemma before proving Theorem 5.7.

Lemma5.1 Let S = p;1 +---+ pm be a Boolean specification in irredundant disjunctive normal
form. Suppose that the ji-th literal, x?], of the iy -th term, p;,, in S is omitted from the term and the
Ja-th literal x’le in p;, is replaced by x;, where 1 <iy <m, 1 < ji < jo <k;;, and x;, is a missing
literal of p;,, the resulting implementation denoted by I is equivalent to that given by double-fault
expression (13) in Table 1 and its detection conditions are given by (C1) to (C4) of double-fault
expression (13) in Table 2. If detection conditions (C1), (C2) and (C3) cannot be satisfied, any test

case that satisfies detection condition (C4) is a near false point of S provided that S # 1.

Proof : Since S # I, there exists a test case that can satisfy any one of the following detection

conditions of I as given in Table 2 for double-fault expression (13):

(C1) any pointin UTP;,(S) such that x;, = 0,
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(C2) any pointin NFP; - (S) such thatx;, =1,

I Jl

(C3) any pointin NFP; - (S) such thatx;, =1, or

I, ]2(

(C4) any pointin FP(S) such that p;, 5 5 x;, = 1.

Based on the assumption of the lemma, (C1) to (C3) cannot be satisfied. The test case satisfies

(C4). In other words, the set of points that satisfy (C4) is non-empty.
Let 7 be a test case that satisfies (C4). We now prove that 7 is a near false point of S.

We observe that p; - =xp,(f) = /- & - %! ... x'1 x, (F) = 1. Now, let 7, be such that 7; and 7
Piy ji,j % 1 i k 2

only differ at the truth value of the literal le12 Then, p;, 5,x1,(11) = xill "'x?] xljl2 .. ~x21ilxl2 () = 1.

Please note that 7] is a true point of S. Suppose on the contrary that S(7}) = 0. In that case, Pii j 1)

=1 and x;,(71) = 1 because p;, ;,x,(71) = 1. As aresult, 7; € NFP;, 5 (S) such that x;, = 1. We

i, /1

found a test case 7] satisfying (C2). This violates the assumption that (C2) cannot be satisfied.

Since p;, 7, (f1) = 1, pi,(f1) =0. In other words, 7 is a true point of S but not a true point for p;;.

Hence, there exists i3(# i1 ) such that 7} is a true point of p;, (thatis, p;, (71) = 1).

We now prove thatx exists in p;,. First, if bothx and ‘” do not appear in p;,, then p;, (¢ ()= Dis ()

= 1 because 7 and 7] only differ at x;Z. Hence, 7 is a true point of S. This contradicts to the fact that 7

is a false point of S. Second, if X’j'z appears in p;,, then p;, (7)) = )E’]'z -+ = 0 because p;, 7, (t)) =

1 implies xl]‘2 (1) = 1. This contradicts to the fact that p;,(7;) = 1. Therefore x’]l2 must appear in p;,.
11

Since x’j‘2 is a literal of p;;, there exists j3 such that xi is the j3-th literal of p;, (that is, x = 12)

Now, since 7; and 7 only differ at xZ (= xi.l) and pi(f1) = 1, p;, 7, (7) — X X’* xk (7) = 1. In

summary, 7 is a false point of S and Pis 7 (f) = 1. Therefore, 7 € NFP,, - (S). Hence, the result

13, ]3<

follows. O

We prove Theorem 5.7 which states that the MAX-A strategy detects double-fault expression (13).
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Theorem 5.7 Let S = p1 + --- + pn be a Boolean specification in IDNF. Suppose that the ji-th

literal, xi.ll, of the iy-th term, p;,, in S is omitted from the term and the j,-th literal, x’jl2 in pi, is

replaced by x;, where 1 <iy <m, 1 < ji < jo <k;,, and x,, is a missing literal of p;,, the resulting
implementation denoted by I is equivalent to that given by double-fault expression (13) in Table 1
and its detection conditions are given by (C1) to (C4) of double-fault expression (13) in Table 2. The

MAX-A strategy can guarantee to detect double-fault expression (13) provided that S # 1.

Proof : Detection conditions (C1) to (C4) of double-fault expression (13) are listed below

(C1) any pointin UTP;,(S) such that x;, = 0,

(C2) any pointin NFP;, ; (S) such that x;, =1,

(C3) any pointin NFP; ; (S) suchthatx;, =1, or

i1,)2

(C4) any pointin FP(S) such that p; 5 = x;, = 1.
We proceed our proof using the following two cases

Case 1. Any one of the conditions (C1) to (C3) can be satisfied. Since S # I, there is a test case 7
that satsifies (C1), (C2) or (C3). We then have the following three subcases
(a) If 7 satisfies (C1), ¥ must be a unique true point.
(b) If 7 satisfies (C2), ¥ must be a near false point.

(c) If 7 satisfies (C3), ¥ must be a near false point.
Hence, the MAX-A strategy can select 7.

Case 2. Conditions (C1) to (C3) cannot be satisfied. Since S # I, there exists a test case 7 that
satisfies (C4). By Lemma 5.1, 7 is a near false point of S. Hence, the MAX-A strategy can

select 7 because it selects all unique true points and all near false points of S.
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Hence, The result follows. O

We prove Theorem 5.8 which states that the MAX-A strategy detects double-fault expression (17).

Theorem 5.8 Let S = p1 + --- + p,», be a Boolean specification in IDNF. Suppose that the literal
Xy, is inserted in the iy-th term, p;,, in S and the j,-th literal, x’]l2 in p;, is replaced by x;, where
1 <iip <m, 1< j; <jr<k,andx;, andx,, are two different missing literals of p;,, the resulting
implementation denoted by I is equivalent to that given by double-fault expression (17) in Table 1
and its detection conditions are given by (C1) to (C3) of double-fault expression (17) in Table 2. The

MAX-A strategy can guarantee to detect double-fault expression (17) provided that S # 1.

Proof : As a reminder, the detection conditions (C1) to (C3) of double-fault expression (17) are

listed below

(C1) any pointin UTP;,(S) such that x;, = 0,
(C2) any pointin UTP;, (S) such that x;, = 0, or

(C3) any pointin NFP; - (S) such that x;x;, = 1.

i1,)2

We proceed the proof as follows. Since S # I, there exists a test case 7 such that it satisfy any one

of (C1) to (C3). We have the following three cases

1. If 7 satisfies (C1), it is a unique true point.
2. If 7 satisfies (C2), it is a unique true point.

3. If 7 satisfies (C3), it is a near false point.

Therefore, the MAX-A strategy can select 7. Hence, the result follows. ([l
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Similar to the situation of double-fault expression (13), we need the following lemma in order to

prove that the MAX-A strategy detects double-fault expression (19).

Lemma 5.2 LetS = p;+---+ pm, be a Boolean specification in IDNF. Suppose that the ji-th and
Ja-th literals, xj-ll and x’j‘2 of the iy -th term, p;,, in S are replaced by x;, and x;,, respectively, where
1 <iit <m, 1< i< jr» <k, andx; and x;, are two different missing literals of p;,, the resulting
implementation denoted by I is equivalent to that given by double-fault expression (19) in Table 1
and its detection conditions are given by (C1) to (C5) of double-fault expression (19) in Table 2. If
detection conditions (C1) to (C4) cannot be satisfied, any test case satisfying detection condition

(C5) is a near false point of S provided that S # 1.

Proof : Since S # I, there exists a test case that can satisfy any one of the following detection

conditions of I as given in Table 2 for double-fault expression (19):

(C1) any pointin UTP;,(S) such that x;, = 0,
(C2) any pointin UTP;, (S) such that x;, = 0,

(C3) any pointin NFP;, 5 (S) such that x;,x;, =1,

(C4) any pointin NFP; - (S) such that x; x;, =1, or

i1,2

(C5) any pointin FP(S) such that p; 7 = x;x, = 1.

Based on the assumption of the lemma, (C1) to (C4) cannot be satisfied. The test case satisfies

(C5). In other words, the set of points that satisfy (C5) is non-empty.

Let 7 be a test case that satisfies (C5). We now prove that 7 is a near false point of S.

We observe that p;, 7, 7x,xp, () =&} -+ &) - &} - xi! x50, (7) = 1. Now, let 71 be such that7; and
J ) l]
7 only differ at the truth value of the literal x'} . Then, p;, 7 xxp, (f1) = &) -+ %) -} - -x;;ilxllxb (@)

=1.

Report Title : On Detecting Double Literal Faults Page 67 of 99
SWINBURNE Prepared by : Man Fai Lau and Ying Liu
UNIVERSITY OF | 08/10/2008

TECHNOLOGY




Please note that 7} is a true point of S. Suppose on the contrary that S(71) = 0. In that case, p;, 7, (1)

= 1 and x;,x;,(71) = 1 because p;, 7x,x,(f1) = 1. As aresult, 7; € NFP; 5 (S) such that x;,x;, = 1.

1'17171<

We found a test case 7] satisfying (C3). This violates the assumption that (C3) cannot be satisfied.

Since p;, 7 (fi) = 1, pi,(fi) =0. In other words, 7; is a true point of S but not a true point for p;,.

Hence, there exists i3(# i1 ) such that 7 is a true point of p;; (that is, p;, (71) = 1).

Please note that X;, does not appear in p;,. Otherwise, p;; (f1) = -+ - X, - -- = 0 because x;,x;, (f1) =

1

1. Similarly, x;, does not appear in p;;.

We now prove that x'} exists in p;;. First, if both x'}, and ¥} do not appear in p;;, then p;, () = pi(71)
= 1 because 7 and 7| only differ at x’le Hence, £ is a true point of S. This contradicts to the fact that 7

is a false point of S. Second, if )E’le appears in p;,, then p;, (7)) = )E‘le --+ = 0 because p; 7 (1) =1
implies xljl2 () = 1. This contradicts to the fact that 7} is a true point of p;, (that is, p;,(71) = 1).

Therefore, x’jl2 must appear in p;;.

Since x’jl2 is a literal of p;,, there is j3 such that x’jl2 is the j3-th literal of p;, (that s, x’ji = xj.lz). Now,
since 7 and 7 only differ at x7 (=x'})) and pi (1) = 1, py, ;,(1) = x7 -5, - -x;% () = 1. In summary,

7is a false point of S and p;, 7. (7) = 1. Thus, 7 € NFP;, 5 (S). Hence, the result follows. O

We prove Theorem 5.9 which states that the MAX-A strategy detects double-fault expression (19).

Theorem 5.9 LetS = p1+---+ p, be a Boolean specification in IDNF. Suppose that the j,-th and
Jja-th literals, xj-ll and x’le of the iy -th term, p;,, in S are replaced by x;, and x;,, respectively, where
1 <iy <m, 1< ji < jo <k, andx; and x;, are two different missing literals of p;,, the resulting
implementation denoted by I is equivalent to that given by double-fault expression (19) in Table 1

and its detection conditions are given by (C1) to (C5) of double-fault expression (19) in Table 2. The

MAX-A strategy can guarantee to detect double-fault expression (19) provided that S # 1.

Proof : Detection conditions (C1) to (C5) of double-fault expression (19) are listed below
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(C1) any pointin UTP;,(S) such that x;, = 0,
(C2) any pointin UTP;,(S) such that x;, = 0,

(C3) any pointin NFP;, 5 (S) such that x;, = 1,

(C4) any pointin NFP; - (S) such thatx;, =1, or

i1,J2

(C5) any pointin FP(S) such that p;, 5 5 x;,x;, = 1.

We proceed our proof using the following two cases

Case 1. Any one of the conditions (C1) to (C4) can be satisfied. Since S # I, there is a test case 7
that satsifies (C1), (C2), (C3) or (C4). We then have the following four subcases
(a) If 7 satisfies (C1), ¥ must be a unique true point.
(b) If 7 satisfies (C2), ¥ must be a unique true point.
(c) If 7 satisfies (C3), ¥ must be a near false point.

(d) If 7 satisfies (C4), ¥ must be a near false point.
Hence, the MAX-A strategy can select 7.

Case 2. Conditions (C1) to (C4) cannot be satisfied. Since S # I, there is a test case 7 that satisfies

(C5). By Lemma 5.2, 7 is a near false point of S. Hence, the MAX-A strategy can select 7.

Hence, The result follows. OJ

Theorem 5.10 Let S = p1 + -+ + pm be a Boolean expression in irredundant disjunctive normal
form. Any test case selection strategy that subsumes the MAX-A meaningful impact strategy can

detect double-fault expressions (1)—(13), (15), (17) and (19) in Table 1.

Proof : By Theorems 5.6, 5.7, 5.8, and 5.9 and the definition of subsumption of test case selection

strategy. [
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Table 7: All points of S where S = ab+ ac+ bd

i 1 2 3
UTP;(S) | 1100 1010, 1011 0101, 0111
NFP; 1(S) | 0100,0110 | 0010,0011,0110 | 0001, 0011, 1001
NFP;5(S) | 1000, 1001 | 1000, 1001 0100, 0110

OTP(S)={1101,1110,1111} and RFP(S) = {0000}

5.4 The MAX-B strategy

Since the MAX-B strategy subsumes the MAX-A strategy, it also can detect 16 double-fault expres-
sions that MAX-A strategy detects, by Theorem 5.10. In this section, we illustrate that the MAX-B
strategy, and hence all other strategies considered in this report, cannot detect double-fault ex-
pressions (14), (16) and (18) in Examples 5.5, 5.6, and 5.7, respectively, hence, completing the

discussion on the relations shown in Figure 1.

Example 5.5 Let S = ab + ac + bd. Table 7 lists the sets UTP;(S) of all unique true points for
every possible i, the sets NFPZ-_JT(S) of all near false points for every possible i and j pair, the set
OTP(S) of all overlapping true points and the set RFP(S) of all remaining false points of S. Suppose
that the literals ¢ and b are inserted into the first and second terms of S, respectively, the resulting
double-fault expression is equivalent to I = ab¢ + abc + bd, which is a special instance of double-
fault expression (14). Note that, S and I are not equivalent because S and [ evaluate to 1 and 0 on

1110, respectively.

Now, let T be the set that includes (1) all unique true points in UTP;(S) for every i, (2) all near
false points in NFP; 5(S) for every i and j, (3) 2 overlapping true points, 1101 and 1111, and (4)
1 remaining false point, 0000. The test cases selected from OTP(S) and RFP(S) are underlined
for ease of reference. We do not underline the test cases from UTP;(S) and NFP; ;(S) because all
of them are selected. It should be noted that 7' satisfies the MAX-B strategy because it contains

all unique true points of S, all near false points of S, 2 out of the 3 overlapping true points of S and
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Table 8: All points of S where S = ab + ac + bd + ad + béeé

i 1 2 3 4 5
UTP;(S) | 11001,11011 | 10110, | 00000, 00001, 00100, | 00010, 00011, 00110, | 01000
10111 | 00101, 10000,10001 | 00111, 01011, 01110,
01111

NFP,;(S) | 01001,01100, | 01100, | 01001, 01100, 01101 | 10010, 10011 10010
01101 01101

NFP,;5(S) | 10010,10011 | 10010, | 10010, 10011 01001, 01100, 01101 | 01100
10011

NFP;5(S) | —- —- —- —- 01001

OTP(S) ={01010,10100,10101,11000,11010,11100,11101,11110,11111} and RFP(S) =0

1 remaining false point of S. Since S and I agree on all points in 7', the MAX-B strategy cannot

guarantee to distinguish S from 1. O

Example 5.6 Let S = ab + ac + bd + ad + béé. Table 8 lists the sets UTP;(S) of all unique true
points for every possible i, the sets NFP,-J(S) of all near false points for every possible i and j pair,
the set OTP(S) of all overlapping true points and the set RFP(S) of all remaining false points of S.
Suppose that the literal e is inserted into the first term ab and the literal a in the second term ac is
replaced by the literal d, the resulting double-fault expression is equivalent to I = abe + cd + bd +
ad + bce. which is a special instance of double-fault expression (16). Note that, S and I are not

equivalent because S and [ evaluate to 1 and 0 on 11100, respectively.

Now, let T be the set that includes (1) all unique true points in UTP;(S) for every i, (2) all near
false points in NFP; ;(S) for every i and j, (3) 4 overlapping true points, 10101, 11000, 11110 and
11111, and (4) no remaining false points. It should be noted that T satisfies the MAX-B strategy
because it contains all unique true points of S, all near false points of S, 4 out of 9 overlapping true
points of S, and no remaining false points of S. Again, test cases in T from OTP(S) are underlined
for ease of reference. Since S and I agree on all points in T', the MAX-B strategy cannot guarantee

to distinguish S from 1. O
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Table 9: All points of S where S = abc + abd + cd f + ¢dé + éde + ¢d f

i 1 2 3 4 5 6
UTP;(S) | 111001,| 110110,| 001000,001010, | 000100,000101, | 000010, 000001,
111011 | 110111 | 011000,011010, | 010100,010101, | 010010,| 010001,
101000, 101010 | 100100,100101 | 100010,| 100001,
110010 | 110001
AUVﬁJ(S) 011001,| 010110,| 110000,100000, | 001100,001101, | 001011,| 001001,
011011,| 010111,| 010000, 000000 | O11100,011101, | 011011,| 001011,
011100,| 011100, 101100,101101 | 101011 | 011001,
011101,| 011101, 011011,
011110,| 011110, 101001,
011111 | 011111 101011
NFP;5(S) | 101001,| 100110,| 001100,001110, | 000000, 010000, | 000110, | 000111,
| 101011, 100111,| 011100,011110, | 100000,110000 | 000111,| 010111,
101100,| 101100,| 101100,101110 010110,| 100111
101101,| 101101, 010111,
101110,| 101110, 100110,
101111 | 101111 100111
AUU%E(S) 110000 | 110000 | 001001,001011, | 000110,000111, | OO0O00O,| 000000,
011001, 011011, | 010110,010111, | 010000,| 010000,
101001,101011 | 100110,100111 | 100000,| 100000,
110000 | 110000

OTP(S) = {000011, 010011, 100011, 110011, 110100, 110101, 111000, 111010, 111100,
111101, 111110,111111} and RFP(S) = {001111}.

Example 5.7 Let S = abc + abd + cdf + édé + éde + ¢df. Table 9 lists the sets UTP;(S) of all
unique true points for every possible i, the sets NFPiJ(S) of all near false points for every possible
i and j pair, the set OTP(S) of all overlapping true points and the set RFP(S) of all remaining
false points of S. Suppose that the literal c is the first term abc is replaced by the literal e and the
literal d in the second term abd is replaced by the literal f, the resulting double-fault expression is
equivalent to I = abe + abf + cd f + édé + éde + &d f, which is a special instance of double-fault
expression (18). Note that, S and I are not equivalent because S and I evaluate to 1 and 0 on

111100, respectively.
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Now, let T be the set that includes (1) all unique true points in UTP;(S) for every i, (2) all near
false points in NFP; 7(S) for every i and j, (3) 4 overlapping true points, 110100, 110101, 111110
and 111111 and (4) 1 remaining false point, 001111. It should be noted that T satisfies the MAX-
B strategy because it contains all unique true points of S, all near false points of S, 4 out of 12
overlapping true points of S, and 1 out of 1 remaining false point of S. Again, test cases in T from
OTP(S) are underlined for ease of reference. Since S and I agree on all points in T, the MAX-B

strategy cannot guarantee to distinguish S from 1. O

6 New Strategies

As discussed in previous section, existing test case selection strategies for single fault detection
cannot guarantee to detect double literal faults. Therefore, new fault-based test case selection
strategies are needed for the detection of double literal faults. In this section, we discuss how to
propose new test case selection strategies to detect all double literal faults. There are two ap-

proaches in developing new test case selection strategies.

The first approach is to propose new test case selection strategies from scratch, that is without
making use of any existing strategies for single fault detection. However, test case selection strate-
gies developed via this approach may not guarantee to detect single faults. This is illustrated in

Example 6.1

Example 6.1 Let S = ab+cd +ef. Table 10 lists the sets UTP;(S) of all unique true points, the
sets NFP; 7(S) of all near false points, the set OTP(S) of all overlapping true points and the set
RFP(S) of all remaining false points of S . Let T be the set {110010, 110101, 001110, 011101,
010111, 101011, 010101, 011010, 100110, 101001, 100101, 101010, 011001, OlOllO}. Test

cases in T have been underlined in Table 10 for ease of reference.
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Table 10: All test cases of S where S =ab+cd +ef

[ 1 2 3
UTP;(S) | 110000,110001,110010, | 001100,001101,001110, | 000011, 000111, 001011,
110100,110101,110110, | 011100,011101,011110, | 010011,010111,011011,
111000,111001,111010 | 101100,101101,101110 | 100011,100111,101011
NFP,-J(S) 010000 010001, 010010, | 000100,000101, 000110, | 000001,000101, 001001,
010100, 010101, 010110, | 010100,010101,010110, | 010001,010101, 011001,
011000, 011001, 011010 | 100100,100101, 100110 | 100001,100101,101001
NFP;5(S) | 100000 100001, 100010, | 001000, 001001, 001010, | 000010, 000110, 001010,
/ 100100, 100101,100110, | 011000,011001, 011010, | 010010,010110, 011010,
101000, 101001, 101010 | 101000,101001,101010 | 100010,100110,101010

OTP(S) = {011111, 001111, 101111, 110011, 110111, 111011, 111100, 111101, 111110,
111111} and RFP(S) = {000000}

Now, as detailed below, test cases in T satisfy the detection conditions of all 19 double-fault expres-

sions listed in Table 1, and hence T can detect all double literal faults in this report.

(A)

For double-fault expressions (1) — (12): Since S is in irredundant disjunctive normal form, the
sets UTP;(S) and NFP; ;(S) are non-empty for every i and j. Now, the set T' contains at least
one element in UTP;(S) for every i and at least one element in NFP; 5(S) for every i and j.
Thus, T satisfies the detection conditions of these 12 double-fault expressions. As a result, T’

detects all these 12 double-fault expressions.

For double-fault expressions (13), (16) and (18): As shown in Table 2, conditions (C3) of double-

fault expression (13), (C4) of (16) and (C6) of (18) are the same: “any point in NFP,_ -

.7, (S) such

that x;, = 1” where x;, is a missing literal of p;,. It should be noted that test cases in T are
selected from NFP,-J(S) for every i and j, and they collectively satisfy the following condition:
“points from NFP; 7(S) so that every missing literal x; of p; evaluates to 1 for every i and j".

Hence, T satisfies the detection conditions of double-fault expressions (13), (16) and (18).

For double-fault expression (14): The detection condition is “(C1) any point in UTP;, (S) such

that x;, = 0 or (C2) any point in UTP;,(S) such that x;, = 0 or (C3) any point in (7P; (S) N
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m
TP;,(S)) \ U TP;(S) | such that x;, +x;, = 0”. Those test cases in T, selected from
1

i=
i#i1,ip
UTP;(S) for every i, collectively satisfy the condition: “points from UTP;(S) that make every

missing literal x; of p; evaluate to 0 for every i”, except for the missing literal ¢ of the first term
and a of the second term in UTP;(S) and UTP;(S), respectively. Therefore, all selected points
from UTP(S) can detect all double-fault expression (14), except I = ab¢ + acd + ef. However,
I can be detected by the test case 111100 in 7 which is selected from OTP(S). Hence, T can

detect double-fault expression (14).

(D) For double-fault expressions (15), (17) and (19): As shown in Table 2, the detection condition of
double-fault expression (15), condition (C1) of (17), and (C1) of (19), are the same: “any point
in UTP;, (S) such that x;,x;, = 0” where both x;, and x;, are two different missing literals of p;, .
It should be noted that test cases in 7, which are selected from UTP;(S) for every i, collectively
satisfy the condition: “points from UTP;(S) so that x;,x;, evaluates to 0 where x;, and x;, are
two different missing literals of p; for every i”. Hence, T can detect double-fault expressions

(15), (17) and (19).

However, T cannot detect the literal insertion fault in the single-fault expression I} = ab¢ +cd + ef
(where the literal ¢ has been inserted into the first term ab of S) because S and I; agree on all points

in T. Since S and I; evaluateto 1 and 0 on 111010, they are not equivalent. O

The second approach is to propose new test case selection strategies that can supplement existing
test case selection strategies for single faults to detect double faults. Hence, when all these strate-
gies are applied, both single and double faults can be detected. Moreover, this approach is more

practical in testing than the previous approach because of the following two reasons:

1. Due to time and resource limitation, software testing practitioners may opt to select test cases

using existing test case selection strategies for single faults to first ensure that the program

Report Title : On Detecting Double Literal Faults Page 75 of 99
SWINBURNE Prepared by : Man Fai Lau and Ying Liu
UNIVERSITY OF | 08/10/2008

TECHNOLOGY




is free from single faults. When there is still room for further testing, they may then opt to use
supplementary strategies that can help increase the chance of detecting other fault classes,

such as double faults.

2. As shown in [7], some existing test case selection strategies for single fault detection can
guarantee to detect certain double faults. It would be simpler to develop new strategies that

focus only on the undetected double faults.

In this report, we adopt this second approach.

Before proposing new strategies, we need to identify which existing test case selection strategies
can be used as the basis for detecting all single fault classes. Among the existing strategies dis-
cussed earlier, it has been shown that the BASIC strategy cannot guarantee to detect LIF and
LRF [1], while the MUMCUT strategy (and hence also the MAX-A and MAX-B strategies which
subsume the MUMCUT strategy) guarantees to detect all single fault classes in [1, 9]. Moreover,
empirical studies [17, 18] have shown that the MUMCUT, MAX-A and MAX-B strategies require, on
average, 12.0%, 40.6% and 48.2% of the entire input domain, respectively. Thus, the MUMCUT
strategy is more cost-effective than the MAX-A and MAX-B strategies in detecting single faults.
Furthermore, as discussed previously, the MUMCUT, the MAX-A and the MAX-B strategies cannot
detect 6, 3, and 3 out of the 19 double-fault expressions, respectively. Thus, the MUMCUT strategy
is almost as effective as the MAX-A and MAX-B strategies in detecting the double fault expressions
considered in this report, but at a much smaller sized test sets. Hence, we choose to supplement
the MUMCUT strategy for double literal fault detection. Note that although we only discuss the case

for the MUMCUT strategy, the idea of supplementing other strategies is similar.

Next, as discussed previously, the MUMCUT strategy cannot guarantee to detect six out of 19
double-fault expressions, namely, expressions (13), (14), (16)—(19) as shown in Table 1. Hence, we
need to propose new test case selection strategies that supplement the MUMCUT strategy to detect

these 6 double-fault expressions. Table 11 indicates these 6 newly proposed strategies and their
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Table 11: Supplementary strategies for double literal faults

New Strategy Section

Supplementary Multiple False Point (SMFP) strategy 6.1

Supplementary Multiple Overlapping True Point (SMOTP) strategy | 6.2

Supplementary Multiple Unique True Point (SMUTP) strategy 6.3
Pairwise Multiple Unique True Point (PMUTP) strategy 6.4
Pairwise Multiple Near False Point (PMNFP) strategy 6.5

Supplementary Pairwise Multiple False Point (SPMFP) strategy 6.6

Table 12: Test case selection strategies supplementary to the MUMCUT strategy

Expr No. | Test Case Selection Strategies

(13) MUMCUT and SMFP strategies

(14) MUMCUT and SMOTP strategies

(16) MUMCUT, PMUTP, SMUTP and SMOTP strategies

(17) MUMCUT and PMNFP strategies

(18) MUMCUT, PMUTP, SMUTP, and SMOTP strategies

(19) | MUMCUT, PMNFP and SPMFP strategies

corresponding discussions in the rest of this section. Moreover, Table 12 indicates which strategies
supplement the MUMCUT strategy for the detection of a particular double-fault expression. For
example, the MUMCUT strategy together with the Supplementary Multiple Overlapping True Point
(SMOTP) strategy can guarantee to detect double-fault expression (14). In the rest of this section,
we discuss these 6 strategies and explain how they supplement the MUMCUT strategy in detecting

double faults.

Report Title : On Detecting Double Literal Faults Page 77 of 99
SWINBURNE Prepared by : Man Fai Lau and Ying Liu
UNIVERSITY OF | 08/10/2008

TECHNOLOGY




6.1 The SMFP Strategy

We propose the Supplementary Multiple False Point (SMFP) strategy to detect double-fault ex-
pression (13) in Table 1. It aims at selecting test cases satisfying the detection condition (C4) of
double-fault expression (13), that is “any point in FP(S) such that Pi, j. X =1 where x;, is a

missing literal of p;”, as listed in Table 2.

The SMFP strategy requires to select test cases from FP(S) to form a set T such that, for every

term p; of S and for every pair of literals xi.l and xj-2 in p; and for every missing literal x; of p;,

1. there is a test case 7 € T such that Di =1 and x; = 1 if possible; and

i

2. there is a test case 7, € T such that p; =1 and x; = 0 if possible.

7]71 7JTZ

In other words, points in T are from FP(S) such that (1) = 1 for every pair of literals xj.l and

Piji.j

x"].2 in every term p;, and (2) they cover all possible truth values of every missing literal x; of every

term p;. Example 6.2 illustrates how to select test cases satisfying the SMFP strategy.

Example 6.2 Let S = ab+cd +ef. Table 13 lists the set of all false points of S. Now, let T =
{000101, 001010, 010001, 010100, 100010, 101000}. Test cases in T are underlined in Table 13

for ease of reference. The set T satisfies the SMFP strategy because of the following reasons

(1) For the first term ab of S, the test cases 000101 and 001010 can make ab = 1 and they cover
all possible truth values of every missing literal (c, d, e and f) of ab. Hence, they satisfy the

requirements of the SMFP strategy for the first term of S.

(2) Similarly, test cases 010001 and 100010 satisfy the requirements of the SMFP strategy for the

second term of S, test cases 010100 and 101000 for the third term of §.
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Table 13: All false points of S where S =ab+cd +ef
000000, 000001, 000010, 000100, 000101, 000110, 001000, 001001, 001010, 010000,
010001, 010010, 010100,010101, 010110, 011000, 011001, 011010, 100000,100001,
100010,100100,100101,100110,101000,101001, 101010

We prove in Theorem 6.1 that the SMFP and MUMCUT strategies can select test cases to detect

double-fault expression (13).

Theorem 6.1 Let S = p1 +---+ p, be a Boolean specification in IDNF. Suppose that the j;-th
literal, x;‘l, of the iy-th term, p;,, in S is omitted and the j»-th literal, xljl2 of p;, is replaced by xi,,
where 1 < iy <m, 1 < j1 < ja» < kjy, ki, Iis the number of literals in p;, and x;, is a missing literal
of p;,, the resulting implementation denoted as I will be equivalent to that given by double-fault ex-
pression (13) in Table 1 and its detection conditions are given by the corresponding conditions (C1)
to (C4) of double-fault expression (13) in Table 2. The SMFP strategy can supplement the MUMCUT

strategy to guarantee the detection of double-fault expression (13) provided that S # 1.

Proof : Since S and I are not equivalent, by Theorem 4.13, there is a point 7 that satisfies any of

the following conditions

(C1) 7, € UTP;,(S) such that x;, = 0

(C2) 1) € NFPiljl (S) such that X, =1

(C3) 7) € NFP; - (S) suchthatx;, =1, or

i1,J2

(C4) 71 € FP(S) such that p; 7 = x;, = 1.
We then have the following cases:

Case 1 7 satisfies (C1). Then, {7 € UTP;,(S) : x;,(f) = 0} # 0. Since x;, is a missing literal of p;,,

the MUTP strategy can select a point that satisfies (C1).
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Case 2 7; satisfies (C2). Then, {f € NFP;  (S):x,(f) = 1} # 0. Since x,, is a missing literal of

B ]l

pi,» the MNFP strategy can select a point that satisfies (C2).

Case 3 7; satisfies (C3). Then, {7 € NFP; ; (S):x,(f) = 1} # 0. Since x,, is a missing literal of

Di,» the MNFP strategy can select a point that satisfies (C3).

Case 4 1) satisfies (C4). Then, {f € FP(S): p; j, 7, x,,(f) =1} ={T € FP(S): p; ;, /,({) =1 and x;,(7) =

1} # 0. The SMFP strategy can select a point that satisfies (C4).

Hence, the result follows. O

6.2 The Supplementary Multiple Overlapping True Point (SMOTP) Strategy

We propose the Supplementary Multiple Overlapping True Point (SMOTP) strategy to detect double-
fault expression (14) in Table 1. In fact, it aims at selecting test cases that satisfy the following

detection conditions

1. (C3) of double-fault expression (14) (thatis, “any point in ((TP,-I(S)HTPZZ U TP;(S )
1751_1712
such that x;, +x;, = 07),
2. (C5) of double-fault expression (16) (that is, “any point in ((TP,-1 (S)NTP,(S U TP;( )
1751_1712

such that x;, +x;, = 07), and

3. (C7) of double-fault expression (18) (that s, “any pointin ( (P, ($) TPy, (S))\ ( U 7P/(5)))

z;étl in
such that x;, +x;, = 07).

The SMOTP strategy requires to select test cases from (TPi1 (S)NTP;, (S U TP;(S)), for

175117!2
every two different terms p; and p;, of §, to form a set T such that, for every missing literal x;, of

pi, and every missing literal x;, of p;,,
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1. there is a test case 7} € T such that x;, = 0 and x;, = 0, if possible;
2. there is a test case 7, € T such that x;, = 0 and x;, = 1, if possible;
3. there is a test case 73 € T such that x;, = 1 and x;, = 0, if possible; and

4. there is a test case 7y € T such that x;, = 1 and x;, = 1, if possible.

m
In other words, points in T are from (TP;, (S)NTP;,(S)) \ ( | J TPi(S)) for every pair of different
=1

1=
i1,
terms p;, and p;, of S such that they can cover all possible truth value combinations of x;, and x;,

(that is 00, 01, 10 and 11) for every missing literal x;, of p;, and every missing literal x;, of p;,.

Example 6.3 illustrates how to select test cases satisfying the SMOTP strategy.

Example 6.3 Let S =ab+ cd+e. The set of overlapping true points of Sis {00111, 01111, 10111,
11001,11011,11101,11110, 11111}. Now, let T = {00111, 01111,10111,11001,11011,11101,

11110}. The set T satisfies the SMOTP strategy because of the following reasons

(1) For the first two terms ab and cd of S, ((TP1 (S)NTP,(S)) \ TP (S)) _ {11110}. This test
case, 11110, covers all possible truth value combinations of every possible pair of missing

literals x;, of ab and x;, of cd. Hence, 11110 satisfies the requirements of the SMOTP strategy

on ((TPI (S)NTP,(S)) \ TP3 (S)) .

(2) For the first term ab and third term e of S, ((TPI(S) NTPs(S)) \TPZ(S)> - {11001, 11011,
11101}. The test cases 11001, 11011, and 11101 can cover all possible truth value combi-
nations of every possible pair of missing literals x;, of ab and x;, of e. Thus, they satisfy the

requirements of the SMOTP strategy on ((TPI (S)NTP3(S)) \TPZ(S)>.

(3) Similarly, test cases 00111, 01111 and 10111 cover all possible truth value combinations of
every possible pair of missing literals x;, of cd and x;, of e. Thus, they satisfy the requirements

of the SMOTP strategy on ((TPQ(S) NTP3(S)) \ TP, (S)). o
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We now prove that the SMOTP strategy supplements the MUMCUT strategy to guarantee the de-
tection of double-fault expression (14). Since extra strategies are required to detect double-fault

expressions (16) and (18), we will postpone the discussion to later sections.

Theorem 6.2 LetS = p; +---+ pn be a Boolean specification in IDNF. Suppose that two literals
x;, and x;, are inserted into the i-th term, p; , and the i-th term, p;,, in S, respectively, where
1 <iy <ip <m,x, andx,, are missing literals of p;, and p;,, respectively, the resulting implemen-
tation denoted as I will be equivalent to that given by double-fault expression (14) in Table 1 and its
detection conditions are given by the corresponding conditions (C1) to (C3) of double-fault expres-
sion (14) in Table 2. The SMOTP strategy can supplement the MUMCUT strategy to guarantee the

detection of double-fault expression (14) provided that S # I.

Proof : Since S and I are not equivalent, by Theorem 4.14, there is a point 7 that satisfies any of

the following conditions

(C1) 7, € UTP;,(S) such that x;, = 0
(C2) 7} € UTP;,(S) such that x;, = 0, or

(C3) 7 € (TP, (S)NTPL(S))\ ( |J TPi(S)) such that x;, +x;, = 0.
=1

=
i#i1,ip

We then have the following cases:

Case 1 7; satisfies (C1). Then, {f € UTP;,(S) : x;,(f) = 0} # 0. Since x;, is a missing literal of p;,,

the MUTP strategy can select a point that satisfies (C1).

Case 2 7 satisfies (C2). Then, {7 € UTP;,(S) : x;,(f) = 0} # 0. Since x;, is a missing literal of p;,,

the MUTP strategy can select a point that satisfies (C2).
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Case 3 7 satisfies (C3). Then, {7 € (TP, (S)NTP,($))\ ( |J TPi(S)) : x;, () +x,(7) = 0} =
i—1

i%?hiz
m
{f € (TP, (S)NTPL(S)\ ( |J TPi(S)) : x;,(f) = 0 and x;,(7) = 0} # 0. The SMOTP
i;é?l}iz
strategy can select a point that satisfies (C3).
Hence, the result follows. O

6.3 The Supplementary Multiple Unique True Point (SMUTP) Strategy

We propose the Supplementary Multiple Unique True Point (SMUTP) strategy to select test cases

that satisfy the following detection conditions

1. (C1) of double-fault expression (16) (that is, “any point in UTP;, (S) such that Piy j, X1, = 0”

where x;, is a missing literal of p;, and i1 # i),
1 pl

2. (C1) of double-fault expression (18) (that is, “any point in UTP;, (S) such that P, 5, X1, = 0”

where x;, is a missing literal of p;, and i; # i»), and

3. (C3) of double-fault expression (18) (that is, “any point in UTP;,(S) such that Pi j, tXn =0

where x;, is a missing literal of p;, and i # iy).
2 Pip

The SMUTP strategy requires to select test cases from UTP;, (S), for every term p;, of S, to form a

set T such that, for every term p;, (i1 # i2), every literal x?z in p;, and every missing literal x;, of p;,,

1. there is a test case 7; € T such that P, ;, = 0andx; =0, if possible; and

2. there is a test case © € T such that Pi,;, =0 and x;, = 1, if possible.
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Table 14: All unique true points of S where S = abc +-def
UTPI(S) 111000,111001,1211010,111021,111100,111101,111110

UTP,(S) | 000111,001111,010111,011111,100111,101111,110111

In other words, points in T are from UTP;,(S) for every p;, such that (1) = 0 for every term

Piy .},
pi, different from p; and every literal x’fz in pi,, and (2) they cover all possible truth values of x;,
for every missing literal x;, of p;. Example 6.4 illustrates how to select test cases satisfying the

SMUTP strategy.

Example 6.4 Let S =abc+def. Table 14 lists the sets UTP;(S) of unique true points of S. Now, let
T = {111010, 111011,111100,111101,010111,011111, 100111, 101111}. Testcases in T are
underlined in Table 14 for ease of reference. Test cases in T satisfy the SMUTP strategy because

of the following reasons

(1) For the first term abc of S, we need to select test cases from UTP;(S). In UTP(S), the test
cases 111010 and 111101 are such that p, ; = ef = 0 and they cover all possible truth values

of every missing literal (d, e and f) of p1 = abc.

Similarly, the test cases 111011 and 111100 in UTP;(S) are such that p, 5 = df = 0 and they

cover all possible truth values of every missing literal (d, e and f) of abc.

Finally, the test cases 111010 and 111101, previously selected for Pri= ef =0, are such that
Prs= de = 0 and they cover all possible truth values of every missing literal (d, e and f) of abc.
Incidentally, the test cases 111011 and 111100, previously selected for Prs = df =0, also
cause p,3 = de = 0 and cover all possible truth values of every missing literal (d, e and f) of

abc. Hence, these four test cases satisfy the requirements of the SMUTP strategy on UTP; ().

(2) Similarly, test cases 010111, 011111, 100111 and 101111 satisfy the requirements of the

SMUTP strategy on UTP,(S). O
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To guarantee the detection of double-fault expressions (16) and (18), we need an extra strategy

which is discussed in the next section.

6.4 The Pairwise Multiple Unique True Point (PMUTP) Strategy

We propose the Pairwise Multiple Unique True Point (PMUTP) strategy to select test cases that

satisfy the following detection conditions

1. (C2) of double-fault expression (16) (that is, “any point in UTP;, (S) such that x;, +x;, = 0"
where x;, and x;, are missing literals of p;, and p;,, respectively),

2. (C2) of double-fault expression (18) (that is “any point in UTP;, (S) such that x;, +x;, = 0”
where x;, and x;, are missing literals of p;, and p;,, respectively), and

3. (C4) of double-fault expression (18) (that is, “any point in UTP;,(S) such that x;, 4+ x;, = 0”

where x;, and x;, are missing literals of p;, and p;,, respectively).
I 2 Pi Pi,

The PMUTP strategy requires to select test cases from every UTP;, (S) for every p;, of S to form a
set T such that, for every term p;, different from p;, (that is, i> # i1), for every missing literal x;, of

Pi,» and every missing literal x;, of p;,,

1. there is a test case 7} € T such that x;, = 0 and x;, = 0, if possible;
2. there is a test case i, € T such that x;, = 0 and x;, = 1, if possible;
3. there is a test case 73 € T such that x;, = 1 and x;, = 0, if possible; and

4. there is a test case 7y € T such that x;, = 1 and x;, = 1, if possible.

In other words, points in T' are from UTP;, (S) for every p;, such that, for every term p;, different

from p;,, they can cover all possible truth value combinations of x;, and x;, (thatis 00, 01, 10 and
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Table 15: All unique true points of S where S =ab+cd +ef

UTP;(S) | 110000, 110001,110010,110100,110101,110110,111000,111001, 111010

UTP,(S) | 001100, 001101, 001110, 011100, 011101,011110,101100,101101,101110

UTPs(S) | 000011, 000111, 001011, 010011, 010111,011011,100011,100111,101011

11) for every missing literal x;, of p;, and every missing literal x;, of p;,. Example 6.5 illustrates how

to select test cases satisfying the PMUTP strategy.

Example 6.5 Let S = ab+ cd +ef. Table 15 lists the sets UTP;(S) of all unique true points of

S. Now, let T = {110000, 110101, 110110, 111001, 111010, 001100, 011101, 011110, 101101,

101110, 000011, 010111, 011011, 100111, 101011}. Test cases in T are underlined in Table 15

for ease of reference. Test cases in T satisfy the PMUTP strategy because of the following reasons

(1)

For the first term ab, the test cases 110000, 110101, 110110, 111001 and 111010 cover all
possible truth value combinations of every possible pair of missing literals x;, of ab (c, d, e and
f)and x;, of cd (a, b, e and f). It should also be noted that it is impossible to select points from
UTP, (S) such that both e and f evaluate to 1 because such points are true points of p3 = ef

and, hence, are not unique true points of py.

Furthermore, the previously selected 5 test cases also cover all possible truth value combina-

tions of every possible pair of missing literals x;, of ab and x;, of ef.
As a result, these 5 test cases satisfy the requirements of PMUTP strategy on UTP; (S).
Similarly, the test cases 001100, 011101, 011110, 101101 and 101110 from UTP,(S) cover

all possible truth value combinations of every possible pair of missing literals x;, of cd and x;,

of ab.

Furthermore, they cover all possible truth value combinations of every possible pair of missing

literals x;, of cd and x;, of ef.

Hence, these 5 test cases satisfy the requirements of PMUTP strategy on UTP(S).
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(3) Finally, the test cases 000011, 010111, 011011, 100111 and 101011 satisfy the requirements

of PMUTP strategy on UTP5(S). O

We now prove that the SMUTP, PMUTP, SMOTP and MUMCUT strategies together can select test

cases to detect double-fault expressions (16) and (18) in Theorems 6.3 and 6.4, respectively.

Theorem 6.3 Let S = p; +---+ p,, be a Boolean specification in IDNF. Suppose that the literal
x;, is inserted into the ii-th term, p;,, in S and the j,-th literal, x’j"; of the iy-th term, p;,, in S is
replaced by x;,, where 1 < iy <ip <m, 1 < j, <k, ki, is the number of literals in p;,, and x;, and
X, are missing literals of p;, and p;,, respectively, the resulting implementation denoted by I will be
equivalent to that given by double-fault expression (16) in Table 1 and its detection conditions are
given by the corresponding conditions (C1) to (C5) of double-fault expression (16) in Table 2. The
SMUTPE, PMUTP and SMOTP strategies can supplement the MUMCUT strategy to guarantee the

detection of double-fault expression (16) provided that S # I.

Proof : Since S and I are not equivalent, by Theorem 4.16, there is a point 7] that satisfies any of

the following conditions

(C1) 71 € UTP;,(S) such that p;, 5, +x;, =0,
(C2) 7, € UTP;,(S) such that x;, +x;, =0,
(C3) 71 € UTP;,(S) such that x;, = 0,

(C4) 7, € NFP; : (S) such that x;, =1, or

lsz(

(C5) 1 € <(TPil (S)NTPL(S))\ ( LmJ TP,-(S))) such that x;, +2x;, = 0.
i—1

li
i1,

We then have the following cases:
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Case 1 7; satisfies (C1). Then, {f € UTP;,(S) : p;, ;, () +x1,() = 0} = {7 € UTP;,(S) : p;, 3, (f) =

0 and x;, (f) = 0} # 0. The SMUTP strategy can select a point that satisfies (C1).

Case 2 7, satisfies (C2). Then, {7 € UTP;,(S) : x;,(T) +x,(f) = 0} = {f € UTP;,(S) : x;,(T) =
0 and x;,(f) = 0} # 0. Since x;, and x;, are missing literals of p;, and p;,, respectively, the

PMUTP strategy can select a point that satisfies (C2).

Case 3 7; satisfies (C3). Then, {f € UTP;,(S) : x;,(f) = 0} # 0. Since x,, is a missing literal of p;,,

the MUTP strategy can select a point that satisfies (C3).

Case 4 1) satisfies (C4). Then, {f € NFP; ; (S):x,(f) =1} # 0. Since x, is a missing literal of

i2,)2

Di,» the MNFP strategy can select a point that satisfies (C4).

Case 5 1] satisfies (C5). Then, {7 € ((TP,-1 (S)NTP;,(S))\ ( Lmj TP,-(S))) 2xp, (1) +x,(1) =0} =
i=1
i#iy,ip
{fe <(TP,-1(S) NTP;,(S))\ ( LWJ TP,-(S))) :x,(f) = 0 and x;, () = 0} # 0. Since x;, and
=1

1=
i#i1,ip
x;, are missing literals of p; and p;,, respectively, the SMOTP strategy can select a point

that satisfies (C5).

Hence, the result follows. O

Theorem 6.4 Let S = p1+ ---+ pn, be a Boolean specification in IDNF. Suppose that the ji-th
literal, xj.ll, of the i1 -th term, p;,, in S is replaced by x;, and the j,-th literal, x’fz of the i>-th term, p;,,
in S is replaced by x;, where 1 <i; <i» <m, 1< j1 <k;, 1< j» <k, ki andk;, are the numbers
of literals in p;, and p;,, respectively, and x;, and x;, are missing literals of p;, and p;,, respectively,
the resulting implementation denoted by I will be equivalent to that given by double-fault expres-
sion (18) in Table 1 and its detection conditions are given by the corresponding conditions (C1)
to (C7) of double-fault expression (18) in Table 2. The SMUTE, PMUTP and SMOTP strategies
can supplement the MUMCUT strategy to guarantee the detection of double-fault expression (18)

provided that S # 1.
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Proof : Since S and I are not equivalent, by Theorem 4.18, there is a point 7] that satisfies any of

the following conditions

(C1) 71 € UTP;(S) such that p;, + +x;, =0,
(C2) 7, € UTP;,(S) such that x;, +x;, = 0,
(C3) 71 € UTP;,(S) such that p;, + +x;, =0,
(C4) 7 € UTP;,(S) such that x;, +x;, = 0,

(C5) 7} € NFP; = (S) such that x;, = 1,

i1,J1

(C6) 71 € NFP;, 7,(S) such that x;, = 1, or

(C7) T € ((TP,-l ($)N7PL )\ ( | TP,-(S))) such that x;, +x;, = 0.
i=1
i#i11,p

We then have the following cases:

Case 1 1; satisfies (C1). Then, {7 € UTP;,(S) : p;, ;, () +x1,() = 0} = {7 € UTP;,(S) : p;, 3, (F) =

0 and x;, (f) = 0} # 0. The SMUTP strategy can select a point that satisfies (C1).

Case 2 7| satisfies (C2). Then, {7 € UTP;,(S) : x;,(7) +x,,(f) = 0} = {7 € UTP;,(S) : x;,(T) =
0 and x;, (f) = 0} # 0. Since x;, and x;, are missing literals of p;, and p;,, respectively, the

PMUTP strategy can select a point that satisfies (C2).

Case 3 1) satisfies (C3). Then, {7 € UTP,(S) : p;, ;, () +x1,(1) = 0} = {f € UTP;,(S) : p;, ; () =

0 and x;,(f) = 0} # 0. The SMUTP strategy can select a point that satisfies (C3).

Case 4 1) satisfies (C4). Then, {7 € UTP;,(S) : x;,(7) + x,,(f) = 0} = {7 € UTP;,(S) : x;,(7) =
0 and x;,(f) = 0} # 0. Since x;, and x;, are missing literals of p;, and p;,, respectively, the

PMUTP strategy can select a point that satisfies (C4).
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Case 5 7; satisfies (C5). Then, {f € NFP;  (S):x;,(f) = 1} # 0. Since x;, is a missing literal of

i1,J1

pi,» the MNFP strategy can select a point that satisfies (C5).

Case 6 7| satisfies (C6). Then, {7 € NFP; : (S):x,(f) =1} # 0. Since x;, is a missing literal of

i2,)2
Di,, the MNFP strategy can select a point that satisfies (C6).
m
Case 7 1) satisfies (C7). Then, {f € ((TP,-1 S$)NTPLH\( TP,-(S))) x, () +x,(f) =0} =
=1
isiil,iz
m
{fe ((TP,-I(S) NTP,(S)\ ( U TP,-(S))) :xy, () = 0 and x;, (f) = 0} # 0. Since x;, and
i=1

i1,
x;, are missing literals of p; and p;,, respectively, the SMOTP strategy can select a point

that satisfies (C7).

Hence, the result follows. L]

6.5 The Pairwise Multiple Near False Point (PMNFP) Strategy

We propose the Pairwise Multiple Near False Point (PMNFP) strategy to detect double-fault expres-
sion (17) in Table 1. It aims at selecting test cases that satisfy the following detection conditions

1. (C2) of double-fault expression (17) (that is, “any point in NFP; : (S) such that x;x;,=1"

i1,J2

where x;; and x;, are two different missing literals of p;,),

2. (C2) of double-fault expression (19) (that is, “any point in NFP; = (S) such that x;x;,=1"

i1,J1

where x;, and x;, are two different missing literals of p;,), and

3. (C3) of double-fault expression (19) (that is, “any point in NFP; s (S) such that x;x;,=1"

i1,2

where x;, and x;, are two different missing literals of p;,).

The PMNFP strategy requires to select test cases from every possible NFPI-JT(S) of § to form a set

T such that, for every pair of missing literals x;, and x;, of p; where x;, # x;, and x;, # Xy,
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Table 16: All near false points of S where S =ab+cd +ef

i 1 2 3
NFPiJ(S) 010000, 010001,010010, | 000100,000101, 000110, | 000001, 000101, 001001,
010100, 010101,010110, | 010100,010101, 010110, | 010001,010101, 011001,
011000, 011001, 011010 | 100100,100101,100110 | 100001,100101,101001
NFPI-’Q(S) 100000, 100001,100010, | 001000,001001, 001010, | 000010,000110, 001010,

100100, 100101, 100110,
101000, 101001, 101010,

011000,011001, 011010,
101000, 101001, 101010

010010, 010110, 011010,
100010, 100110, 101010

1. there is a test case 7] € T such that x;, = 0 and x;, = 0, if possible;
2. there is a test case 7, € T such that x;, = 0 and x;, = 1, if possible;
3. there is a test case 13 € T such that x;, =1andx;, =0, if possible; and

4. there is a test case 74 € T such that x;, =1 andx;, =1, if possible.

In other words, points in T are from NFP; 7(S) for every p; of S such that, they can cover all possible
truth value combinations of x;, and x;, (that is 00, 01, 10 and 11) for every pair of two different
missing literals x;, and x;, of p;. Example 6.6 illustrates how to select test cases satisfying the

PMNFP strategy.

Example 6.6 Let S =ab+cd +ef. Table 16 lists the sets NFP; ;(S) of all near false points of
S. Now, let T = {010000, 010101, 010110, 011001, 011010, 000100, 010101, 010110, 100101,
100110, 000001, 010101, 011001, 100101, 101001, 100000, 100101, 100110, 101001, 101010,
001000, 011001, 011010, 101001, 101010, 000010, 010110, 011010, 100110, 101010}. Test
cases in T are underlined in Table 16 for ease of references. Test cases in T satisfy the PMNFP

strategy because of the following reasons

(1) ForNFPLT(S), the test cases 010000, 010101, 010110, 011001 and 011010 cover all possible

truth value combinations of every possible pair of missing literals (c, d, e and f) of p; = ab. It
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should be noted that it is impossible to select points from NFPLI(S) such that both ¢ and d
evaluate to 1 because such points are true points of p» = cd and, hence, are true points of S.

Hence, these five test cases satisfy the requirements of the PMNFP strategy on NFP,; 1(S).

(2) Similarly, test cases underlined in each NFPI-J(S) in Table 16 cover all possible truth value

combinations of every possible pair of missing literals of every term p;. O

We now prove that the PMNFP and MUMCUT strategies can select test cases to detect double-fault

expression (17) in Theorem 6.5.

Theorem 6.5 Let S = p1 + --- + p,u be a Boolean specification in IDNF. Suppose that the literal
x;, s inserted into the iy-th term, p;,, in S and the j,-th literal, x’j‘2 of p;,, in S is replaced by x;,
where 1 <iy <m, 1 < j, <k, ki, is the number of literals in p;,, and x;, and x,, are two different
missing literals of p;,, the resulting implementation denoted by I will be equivalent to that given by
double-fault expression (17) in Table 1 and its detection conditions are given by the corresponding
conditions (C1) to (C3) of double-fault expression (17) in Table 2. The PMNFP strategy can sup-
plement the MUMCUT strategy to guarantee the detection of double-fault expression (17) provided

that S # 1.

Proof : Since S and I are not equivalent, by Theorem 4.17, there is a point 7 that satisfies any of

the following conditions

(C1) 7y € UTP;,(S) such that x;, = 0,
(C2) 7, € UTP;,(S) such that x;, = 0, or

(C3) 71 € NFP; - (S) such that x;,x;, = 1.

i1,2

We then have the following cases:
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Case 1 7; satisfies (C1). Then, {f € UTP;,(S) : x;,(f) = 0} # 0. Since x;, is a missing literal of p;,,

the MUTP strategy can select a point that satisfies (C1).

Case 2 7; satisfies (C2). Then, {f € UTP;,(S) : x;,(f) = 0} # 0. Since x,, is a missing literal of p;,,

the MUTP strategy can select a point that satisfies (C2).

Case 3 1) satisfies (C3). Then, {7 € NFP; ; (S): x;,x,(f) = 1} = {f € NFP; ;,(S) : x;,(F) =
1 and x;,(f) = 1} # 0. Since x;, and x;, are two different missing literals of p;,, the PMNFP

strategy can select a point that satisfies (C3).

Hence, the result follows. O

6.6 The Supplementary Pairwise Multiple False Point (SPMFP) Strategy

We propose the Supplementary Pairwise Multiple False Point (SPMFP) strategy to select test cases
satisfying the detection condition (C4) of double-fault expression (19) (that is, “any point in FP(S)

such that p; =1 and x;,x;, = 1” where x;, and x;, are two different missing literals of p;,).
n 17782 1 2 1

7.]71 7;2

The SPMFP strategy requires to select test cases from FP(S) to form a set T such that, for every

term p;, every pair of literals x;l and xj-z in p;, and every pair of missing literals x;, and x;, of p;,

1. there is a test case 7] € T such that, Pijj, =1 X, = 0 and x;, = 0, if possible;
2. there is a test case 7, € T such that, Pij., =1 x, =0andx; =1, if possible;
3. there is a test case 73 € T such that, Pij.j, =1 %, =1andx; =0, if possible; and

4. there is a test case 74 € T such that, Pij.j =1 x, =1andx; =1, if possible.

In other words, points in T are from FP(S) such that, for every term p;, (1) =1 for every pair

Pij\j

of literals xi-l and xi’z in p; and (2) they cover all possible truth value combinations (thatis 00, 01, 10
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Table 17: All false points of S where S =ab+cd +ef
000000, 000001, 000010, 000100, 000101, 000110, 001000, 001001, 001010, 010000,
010001, 010010, 010100,010101, 010110, 011000, 011001, 011010, 100000, 100001,
100010,100100,100101,100110,101000,101010, 101001

and 11) of every pair of two different missing literals x;, and x;, of p;. Example 6.7 illustrates how to

select test cases satisfying the SPMFP strategy.

Example 6.7 Let S =ab+cd+ef. Table 17 lists the set FP(S) of all false points of S. Now, let 7' =
{000000, 000101, 000110, 001001, 001010,010001, 010010, 010100,011000, 100001, 100010,
100100, 101000}. Test cases in T are underlined in Table 17 for ease of reference. Test cases in

T satisfy the SPMFP strategy because of the following reasons

1. For the first term ab, the test cases 000000, 000101, 000110, 001001 and 001010 in FP(S)
are such that @b = 1 and they cover all possible truth value combinations of every possible
pair of missing literals (c, d, e and f) of ab. It should be noted that it is impossible to select
points from FP(S) such that both ¢ and d evaluate to 1 because such points are true points
of po = c¢d and, hence, are true points of S. Similary, it is impossible to select points from
FP(S) such that both e and f evaluate to 1 because such points are true points of p3 = ef.

Hence, these 5 test cases satisfy the requirements of the SPMFP strategy for ab of S.

2. Similarly, the test cases 000000, 010001, 010010, 100001 and 100010 in FP(S) are such
that éd = 1 and they cover all possible truth value combinations of every possible pair of
missing literals (a, b, e and f) of cd. It should be noted that it is impossible to select points
from FP(S) such that both a and b evaluate to 1 because such points are true points of
p1 = ab and, hence, are true points of S. Similary, it is impossible to select points from FP(S)
such that both e and f evaluate to 1 because such points are true points of p3 = ef. Hence,

these 5 test cases satisfy the requirements of the SPMFP strategy for cd of S.

3. Finally, the test cases 000000, 010100, 011000, 100100 and 101000 in FP(S) are such that
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éf = 1 and they cover all possible truth value combinations of every possible pair of missing
literals (a, b, ¢ and d) of ef. It should be noted that it is impossible to select points from
FP(S) such that both a and b evaluate to 1 because such points are true points of p; = ab
and, hence, are true points of S. Similary, it is impossible to select points from FP(S) such
that both ¢ and d evaluate to 1 because such points are true points of p» = cd. Hence, these

5 test cases satisfy the requirements of the SPMFP strategy for ef of S. O

We now prove that the SPMFP, PMNFP and MUMCUT strategies select test cases to detect double-

fault expression (19) in Theorem 6.6.

Theorem 6.6 LetS = p;+---+ p,, be a Boolean specification in IDNF. Suppose that the j,-th and
Ja-th literals, xi.ll and x’]l2 of the iy -th term, p;,, in S are replaced by x;, and x;,, respectively, where
1 <ip <m, 1< ji < jo<ki, ki, is the number of literals in p;,, and x;, and x, are two different
missing literals of p;,, the resulting implementation denoted by I will be equivalent to that given by
double-fault expression (19) in Table 1 and its detection conditions are given by the correspond-
ing conditions (C1) to (C5) of double-fault expression (19) in Table 2. The SPMFP and PMNFP

strategies can supplement the MUMCUT strategy to guarantee the detection of double-fault ex-

pression (19) provided that S # 1.

Proof : Since S and I are not equivalent, by Theorem 4.19, there is a point 7 that satisfies any of

the following conditions

(C1) 7 € UTP;, (S) such that x;, =0,
(C2) 71 € UTP;,(S) such that x;, = 0,
(C3) 7| € NFP; - S) such that XX, =1,

llajl(

(C4) 7} € NFP; - (S) such that x;,x;, = 1, or

i1,2
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(C5) 71 € FP(S) such that p;, =1andx;x;, = 1.

7.]Tl 7.]T2

We then have the following cases:

Case 1 7 satisfies (C1). Then, {7 € UTP;,(S) : x;,(f) = 0} # 0. Since x;, is a missing literal of p;,,

the MUTP strategy can select a point that satisfies (C1).

Case 2 7; satisfies (C2). Then, {f € UTP;,(S) : x;,(f) = 0} # 0. Since x,, is a missing literal of p;,,

the MUTP strategy can select a point that satisfies (C2).

Case 3 7; satisfies (C3). Then, {7 € NFP; ;(S) : x;,x,(7) = 1} = {f € NFP; 5/(S) : x;,(7) =

1 and x;,(f) = 1} # 0. The PMNFP strategy can select a point that satisfies (C3).

Case 4 1) satisfies (C4). Then, {7 € NFP; ; (S) : x;,x,(f) = 1} = {f € NFP; 7,(S) : x;,(7) =

1 and x;,(f) = 1} # 0. The PMNFP strategy can select a point that satisfies (C4).

Case 5 1; satisfies (C5). Then, {f € FP(S) : p; 7, rxyx,(f) = 1} = {f € FP(S) : p; ;, 7 (1) =

1,x,,(f) = 1 andx,(f) = 1} # 0. The SPMFP strategy can select a point that satisfies

(C5).

Hence, the result follows. O

7 Conclusion and Further Work

In this report, we study the detection conditions on double faults related to literals that might occur

in a Boolean expression. As reported in [6], there are 19 such double-fault expressions.

Previous study in double faults related to terms [7] shows that any test case selection strategy

which subsumes the BASIC strategy (such as the MUMCUT, MAX-A and MAX-B strategies) can
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guarantee the detection of double faults related to terms. However, as discussed in Section 5, none
of the abovementioned test case selection strategies can guarantee to detect double literal faults

studied in this report. Hence, new test case selection strategies are required.

In this report, we propose six new test case selection strategies to supplement the MUMCUT strat-
egy to detect all double literal faults. Hence, when all these strategies are applied, both single and
double faults can be detected. They are the Supplementary Multiple False Point (SMFP) strategy,
Supplementary Multiple Overlapping True Point (SMOTP) strategy , Supplementary Multiple Unique
True Point (SMUTP) strategy, Pairwise Multiple Unique True Point (PMUTP) strategy, Pairwise Mul-
tiple Near False Point (PMNFP) strategy and Supplementary Pairwise Multiple False Point (SPMFP)
strategy. As a result, the MUMCUT strategy together with these six newly proposed strategies can

guarantee to detect all double faults studied in this report.

Empirical study is underway to evaluate the cost-effectiveness of these six newly proposed test
case selection strategies together with the MUMCUT strategy for detecting all double literal faults in
Boolean expressions. Furthermore, we will continue to study double faults in Boolean expressions
in which one fault is related to term and another fault is related to literal. Through our study on
the detection of double faults, we will be able to gain better understanding on the characteristics of

multiple faults and proposing new strategies to detect them.
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