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Effect of Three-Body Interactions between Dissimilar Molecules on
the Phase Behavior of Binary Mixtures: The Transition from
Vapor—Liquid Equilibria to Type 11l Behavior'

Richard J. Sadus*

Computer Simulation and Physical Applications Group, School of Information Technology,
Swinburne University of Technology, P.O. Box 218, Hawthorn, Victoria 3122, Australia

An investigation is reported of the effect of three-body interactions between dissimilar molecules
on the phase behavior of binary mixtures. The Gibbs ensemble algorithm is implemented to
determine phase coexistence of binary mixtures interacting via a two-body Lennard—Jones +

three-body Axilrod—Teller potential.

The contributions of both two-body and three-body

interactions are calculated exactly. Calculations are reported with three-body interactions of
varying strength. It is demonstrated that three-body interactions can result in a transition
from vapor—Iliquid equilibria to type I11b behavior (gas—gas immiscibility of the second kind).
This is the first time that three-body interactions have been linked rigorously to type 111 behavior.

1. Introduction

Knowledge of intermolecular interactions is important
for the theoretically based prediction of the phase
behavior of fluids and fluid mixtures. It is well docu-
mented (Sadus, 1992) that the phase behavior of binary
mixtures changes in accordance with a variation in the
strength of interaction between pairs of dissimilar
molecules. In terms of the classification scheme of van
Konynenburg and Scott (1980), strong pair interaction
is associated with type | behavior in which only vapor—
liquid coexistence is possible. If the dissimilar pair
interaction is weak, liquid—liquid equilibria is observed,
which is most commonly associated with either type 11
or type Ill behavior. It has been assumed almost
universally that the phase behavior of fluids can be
attributed exclusively to interaction between pairs of
molecules, and calculations (Sadus, 1992) routinely
ignore the contributions of three- or more-body interac-
tions. However, the available evidence (Barker et al.,
1971; Monson et al., 1983; Rittger, 1990a—c; Elrod and
Saykally, 1994) suggests that the effect of three-body
interactions may be important in some circumstances.
For example, it is reported typically (Barker et al.,
1972a) that a two-body plus an Axilrod—Teller potential
(Axilrod and Teller, 1943) improves the prediction of
third virial coefficients of atomic systems. Three-body
interactions also appear to have a greater role in
molecular fluids (Monson et al., 1983; Elrod and Saykal-
ly, 1994). Nevertheless, the exact role of three-body
interactions remains unclear partly because attempts
to account for three-body interactions commonly involve
approximations.

In principle, molecular simulation (Allen and Tildes-
ley, 1987) can be used to calculate three-body interac-
tions rigorously. However, the use of molecular simu-
lation has been restricted largely to pairwise interactions
and, until recently the few studies (Barker et al., 1971;
Monson et al., 1983; Smit et al., 1992; Miyano, 1995;
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Sadus and Prausnitz, 1996; Sadus, 1996) that have
attempted to include three-body interactions have relied
on various approximations rather than rigorous calcula-
tion. Recently, Anta et al. (1997) and Sadus (1997a)
reported exact calculations of the effect of three-body
interactions on the vapor—liquid equilibria of pure
fluids. The results of these independent studies indicate
that Axilrod—Teller interactions can significantly alter
the density of the liquid branch of the coexistence curve.
Sadus (1997b) also reported that three-body interactions
can have a profound effect on the liquid—liquid equi-
libria of binary mixtures.

This work examines the effect of three-body interac-
tions between dissimilar molecules on the vapor—liquid
behavior of binary mixtures. The Gibbs ensemble
(Panagiotopoulos et al., 1988) is used to calculate the
liquid—liquid-phase coexistence of binary mixtures, with
components interacting via a Lennard—Jones + Axil-
rod—Teller intermolecular potential. The calculation of
three-body interactions is exact, with both two- and
three-body interactions contributing to the acceptance
criterion of each attempted Monte Carlo move.

2. Theory

2.1. Intermolecular Potential. The intermolecular
potential (u) is the sum of contributions from two-body
interactions (u(ij)) and three-body dispersion interac-
tions (u(ijk)):

u = u(ij) + u™(ijk) (1)

The Lennard—Jones potential was used to calculate
interactions between pairs of molecules separated by a

distance rij;:
L o\iz2_ [o)\s
ol (] e

where the ¢ and o parameters are characteristic of the
strength of intermolecular interaction and molecular
size, respectively.

The Axilrod—Teller term (Axilrod and Teller, 1943)
accounts for the contribution of three-body dispersion
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interactions:

v(1 + 3 cos 0; cos 6 cos 6,)

dispy: - —
ur(ijk) =
(rijrikrjk)s

®3)

where 0 refers to the inside angles of a triangle formed
by three molecules i, j, and k, and v is the nonadditive
coefficient. This potential is negative for near-linear
configurations and positive for acute triangular ar-
rangements.

2.2. Potential Parameters. The calculations were
performed in reduced units relative to component 1. The
parameters for the Lennard—Jones potentials were ¢,/
€11 = 0.5, 0'22/0'11 =1, €10 = Ver1€22 and o12 = (Ull + 022)/
2. This combination of parameters was chosen because
earlier work (Sadus, 1996) on Lennard—Jones mixtures
indicated that they are associated with a closed vapor—
liquid-phase envelope.

For the Axilrod—Teller potential, we must consider
the nonadditive coefficient arising from triplets com-
posed of different combinations of the component mol-
ecules. There are four distinct possible combinations
of three molecules in a binary mixture. The nonadditive
coefficient of component 2 molecules was related to
component 1 by:

Voo = 011 4)

where a is an arbitrary adjustable parameter. A value
of vi1i/enoy, = 0.0712 was used which corresponds to
the nonadditive coefficient of an atom such as argon
(Leonard and Barker, 1975). The unlike nonadditive
coefficients were obtained by taking a geometric average
of the like interactions.

3

V112 = A/V111V111V222 5)
3

V122 = A/ V111V222V222 (6)

Comparison of the results of these combining rules with
experimental nonadditive coefficients for the noble gases
(Leonard and Barker, 1975) indicate that they are
accurate.

2.3. Simulation Details. The NPT—Gibbs ensemble
(Panagiotopoulos et al., 1988) was used to simulate the
coexistence of two phases. A total of 200 molecules were
partitioned between two boxes to simulate the two
coexisting phases. The temperature of the entire system
was held constant and surface effects were avoided by
placing each box at the center of a periodic array of
identical boxes. Equilibrium was achieved by attempt-
ing molecular displacements (for internal equilibrium),
volume fluctuations (for mechanical equilibrium), and
particle interchanges between the boxes (for material
equilibrium).

The simulations were performed in cycles with each
cycle consisting of 200 attempted displacements, a single
volume fluctuation, and 500 interchange attempts. The
maximum molecular displacement and volume changes
were adjusted to obtain, where possible, a 50% ac-
ceptance rate for the attempted move. Ensemble aver-
ages were accumulated only after the system had
reached equilibrium. The equilibration period was
typically 2500 cycles and a further 2500 cycles were
used to accumulate the averages. The calculations were
truncated at intermolecular separations greater than

half the box length, and appropriate long-range correc-
tions (Allen and Tildesley, 1987) were used to obtain
the full contribution of pair interactions to energy and
pressure. The full (untruncated) three-body potential
was calculated to avoid uncertainties that arise when
calculating three-body, long-range corrections from
unknown pair-distribution functions. Alternative com-
putational approaches for long-range corrections are
available (Rittger, 1992).

The contributions of both two- and three-body inter-
actions to the configurational energy of the fluid were
recalculated for each attempted move, and the configu-
rational properties were updated after each successful
move. Therefore, changes to both two- and three-body
interactions contributed to the acceptance criterion and
the predicted phase coexistence curve is the result of
two- and three-body interactions. A typical run required
~57 CPU hours on a Cray YMP-EL and 9 CPU hours
on a Fujitsu VPP300 supercomputer.

3. Results

The phase coexistence data obtained from molecular
simulation at T* = 0.9 are summarized in Tables 1-3.
The normal convention was adopted for the reduced
density (p* = po®), temperature (T* = kT/e), energy (E*
= Ele), pressure (P* = Po®), and chemical potential (u*
= ule). The chemical potential was determined from the
equation proposed by Smit and Frenkel (1989). In
Tables 1—3 the contribution of Lennard—Jones (LJ) and
Axilrod—Teller (AT) interactions to both the energy and
pressure are identified.

4. Discussion

Simulations were performed at different relative
strengths of three-body interactions between the com-
ponents of the mixture governed by the parameter a. A
value of oo = 0 indicates that three-body interaction is
restricted exclusively to triplets of component 1; . = 0.5
indicates that three-body interaction of component 2
molecules is half as strong as component 1 molecules;
and o = 1 indicates identically strong three-body
interaction for both components. A temperature of T*
= 0.9 was used for all simulations because previous
simulation results (Sadus, 1996) demonstrate that the
Lennard—Jones fluid exhibits a substantial vapor—
liguid-phase envelope at this temperature.

Simulation results for oo = 0 are summarized in Table
1 and the pressure—composition behavior is compared
with that of a Lennard—Jones fluid in Figure 1. Figure
1 shows that both systems have a closed vapor—liquid
envelope. The effect of three-body interactions is to
substantially lower the critical point of the mixture. A
similar effect has been observed (Anta et al., 1997;
Sadus, 1997a) for the critical point of pure fluids. It
should be noted that the Gibbs ensemble cannot be used
to accurately approach the critical point, and other
techniques such as finite-size scaling (Wilding, 1997) are
more useful in the near critical region. A value of o =
0 implies that three-body interactions are confined
exclusively to component 1. The relatively small con-
tribution of Axilrod—Teller interactions to both the
energy and pressure reported in Table 1 reflects the
small probability finding triplets exclusively of compo-
nent 1. In real mixtures, there will also be three-body
interactions between molecules of component 2 and with
triplets containing both components. However, if three-
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Intermolecular Potential with o = 02
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= 0.9 Using the Lennard—Jones + Axilrod—Teller

Phase A
pP* o* X1 —E*L; E*ar —P*L P*at —u*1 —u*2
0.072 0.671(27) 0.797(63) 4.02(27) 0.10(3) 0.77(10) 0.21(7) 3.92 2.88
0.075 0.678(21) 0.789(53) 4.01(30) 0.10(3) 0.75(7) 0.21(6) 3.85 2.77
0.085 0.672(8) 0.755(27) 3.85(13) 0.09(1) 0.70(5) 0.17(3) 3.87 273
0.088 0.670(27) 0.723(80) 3.78(40) 0.08(3) 0.69(8) 0.17(7) 3.84 2.76
0.089 0.626(19) 0.574(65) 3.18(22) 0.04(1) 0.57(5) 0.07(3) 3.75 2.76
Phase B
p* o* X1 —E*L; E*ar —P*L P*at —u*1 —u*2
0.072 0.095(4) 0.231(14) 0.50(3) 0.00011(6) 0.023(2) 0.00003(2) 3.97 2.85
0.075 0.120(9) 0.225(24) 0.62(10) 0.00022(9) 0.037(7) 0.00005(2) 3.91 2.76
0.085 0.130(9) 0.221(20) 0.66(6) 0.00018(9) 0.043(6) 0.00007(4) 3.90 2.72
0.088 0.158(17) 0.231(24) 0.79(9) 0.00027(9) 0.060(10) 0.00014(6) 3.84 2.69
0.089 0.251(142) 0.277(93) 1.12(70) 0.005(10) 0.16(15) 0.008(18) 3.82 2.72

aValues in parentheses indicate the uncertainty in the last digit.
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Figure 1. Comparison of the pressure—composition projection of
the vapor—liquid equilibria of a binary Lennard—Jones (®, Sadus,
1996) and a Lennard—Jones + Axilrod—Teller (O, a. = 0) mixture.

body interaction is confined to only one component,
Figure 1 indicates that the effect is primarily to restrict
vapor—liquid equilibria to lower pressures.
Simulations with o = 0.5 reflect three-body interac-
tions in a binary mixture more realistically. The results
are summarized in Table 2 and the pressure—composi-
tion behavior is illustrated in Figure 2. In contrast to
either the Lennard—Jones fluid or the case when o =
0, a closed vapor—liquid envelope is not observed. In
the vicinity of P* = 0.1, the vapor—liquid envelope
approaches closure but instead, the vapor branch is
transformed into a second liquid branch and liquid—
liquid equilibria is observed at higher pressures. The
transition between vapor—liquid and liquid—liquid equi-
libria is illustrated clearly on the pressure—density
projection in Figure 3. The liquid branch of the coexist-
ence curve is characterized by two distinct parts above
and below a density minimum in the vicinity of P* =
0.1. In contrast, the density of the vapor branch
increases progressively with increasing pressure until
it attains liquidlike densities. There is a continuous
transition between vaporlike and liquidlike phenomena.
The phenomenon exhibited in Figures 2 and 3 is
characteristic of type 111 equilibria in accordance with
the classification scheme of van Konynenburg and Scott

(1980), who classified the phase behavior of binary
mixtures into five or six basic types depending on the
nature of critical equilibria. The majority of commonly
occurring binary mixtures can be classified as either
type I, II, or 11l (Sadus, 1992). The simplest critical
behavior is exhibited by a type | mixture, which consists
of a continuous locus of vapor—liquid critical points
linking the critical points of the pure components. The
critical properties of type Il mixtures are characterized
by separate regions of vapor—liquid and liquid—liquid
equilibria. In addition to a continuous critical line
between the components, type Il mixtures exhibit a
locus of upper critical solution temperatures (UCST)
commencing at an upper critical end point (UCEP) on
the end of a three-phase liquid—liquid—vapor line. The
UCEP is normally found at a temperature well below
the critical temperature of either component and the
locus of UCSTSs rises steeply to very high pressures. In
contrast, type Il1 behavior is characterized by a discon-
tinuity of vapor—Iliquid equilibria. Commencing from
the critical point of the component with the lowest
critical temperature, a locus of vapor—liquid equilibria
typically extends partly toward the critical temperature
of the other component before being terminated by an
UCEP at the end of a three-phase liquid—liquid—vapor
line. A second critical line commences from the critical
point of the component with the highest critical tem-
perature rising to very high pressures and never meet-
ing the critical point of the other component. A con-
tinuous transition form vapor—liquid to liquid—liquid
equilibria is observed along this higher temperature
critical line. Two distinct categories of type Ill equi-
libria are possible depending on the behavior of the
higher temperature critical line. In type Illa behavior,
a critical line starts from the vapor—liquid critical point
of the component with the highest critical temperature
and extends to still higher temperatures. This phe-
nomenon is sometimes referred to as “gas—gas im-
miscibility of the first kind” and it is observed typically
for binary mixtures containing helium (Stretenskaja et
al., 1995; Wei and Sadus, 1996). Alternatively, in type
I11b mixtures, the critical line extends initially to lower
temperatures before passing through a temperature
minimum and subsequently attaining temperatures
above the critical temperature of either pure component.
This phenomenon is sometimes referred to as “gas—gas
immiscibility of the second kind” (Shmonov et al., 1993).
The pressure—composition behavior illustrated in Fig-
ure 2 is characteristic of the pressure—composition
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Table 2. Gibbs-Ensemble Simulation of Phase Equilibria at T* = 0.9 Using the Lennard—Jones + Axilrod—Teller

Intermolecular Potential with o = 0.52

Phase A
pP* p* X1 —E*L; E*ar —P*L P*at —u*1 —u*2
0.06 0.698(18) 0.931(19) 4.67(20) 0.20(2) 0.91(8) 0.42(4) 3.67 2.96
0.07 0.686(18) 0.876(46) 4.39(28) 0.18(2) 0.88(4) 0.37(5) 3.71 2.76
0.08 0.674(34) 0.844(74) 4.21(44) 0.17(3) 0.84(9) 0.35(7) 3.83 2.75
0.10 0.588(57) 0.645(100) 3.19(55) 0.11(3) 0.63(11) 0.19(8) 3.79 2.70
0.11 0.622(28) 0.694(83) 3.45(36) 0.12(2) 0.69(10) 0.23(5) 3.78 2.67
0.12 0.675(18) 0.807(50) 4.08(27) 0.16(2) 0.83(8) 0.33(4) 3.73 2.57
0.15 0.661(25) 0.786(85) 3.93(40) 0.15(3) 0.79(11) 0.30(6) 3.73 2.60
0.20 0.702(13) 0.876(28) 4.47(19) 0.19(1) 0.83(6) 0.40(4) 3.58 2.51
0.30 0.722(19) 0.868(95) 4.59(45) 0.20(3) 0.78(10) 0.44(7) 3.38 2.41
Phase B
pP* p* X1 —E*Ls E*aT —P*L P*at —u*1 —u*2
0.06 0.079(7) 0.287(29) 0.42(4) 0.0021(4) 0.017(4) 0.0005(1) 3.88 2.99
0.07 0.122(8) 0.226(10) 0.63(5) 0.0049(8) 0.038(6) 0.0018(4) 3.88 2.74
0.08 0.106(6) 0.209(13) 0.53(2) 0.0035(4) 0.028(3) 0.0011(2) 3.79 2.77
0.10 0.141(22) 0.243(27) 0.69(10) 0.007(2) 0.05(2) 0.003(2) 3.82 2.72
0.11 0.226(111) 0.237(23) 1.06(47) 0.017(14) 0.13(11) 0.017(21) 3.83 2.68
0.12 0.297(50) 0.222(35) 1.39(23) 0.023(7) 0.18(5) 0.0217(9) 3.83 2.60
0.15 0.410(41) 0.233(29) 1.85(17) 0.041(8) 0.31(6) 0.05(2) 3.81 2.63
0.20 0.579(33) 0.221(23) 2.53(16) 0.073(9) 0.48(3) 0.13(2) 3.67 2.50
0.30 0.635(26) 0.243(70) 2.78(15) 0.089(9) 0.48(5) 0.17(2) 3.52 2.37
aValues in parentheses indicate the uncertainty in the last digit.
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Figure 2. Pressure—composition projection at T* = 0.9 of the
phase behavior of a Lennard—Jones + Axilrod—Teller binary
mixture with oo = 0.5.

projection of type Illb mixtures at temperatures less
than the critical temperature minimum. Therefore,
liquid—liquid equilibria for this system will persist to
very high pressures without reaching a critical point.

When the strength of three-body interactions of both
components is equal (o = 1), the phase behavior of the
mixture is also characteristic of type Illb phenomena
(Figures 4 and 5). The “transitional” behavior between
vapor—liquid and liquid—liquid equilibria occurs at
pressures in the vicinity of P* = 0.25.

It is interesting to note that the transition between
vapor—liquid and type Il11b behavior occurs despite the
fact that the contribution of three-body interactions to
the configurational energy of the fluid is relatively
small. The value of |E*a7| reported in Tables 3 and 4
is typically only between 2 and 4% of |E*_,|. In contrast,
the contribution of three-body interactions to the pres-
sure is significant. The value of |P*at| reported in
Tables 3 and 4 can be as high as 60% of |[P*_,|. Itis

p*

Figure 3. Pressure—density projection at T* = 0.9 of the phase
behavior of a Lennard—Jones + Axilrod—Teller binary mixture
with o = 0.5.

apparent that the transition between vapor—Iliquid and
type Illb is very sensitive to three-body interactions.
It should be noted that the combination of the
Lennard—Jones and Axilrod—Teller potentials repre-
sents a model description of intermolecular interactions.
Consequently, any conclusions made from these simula-
tion results for real mixtures must be tempered by the
limitations of the intermolecular potentials used. Even
for the noble gases, more sophisticated potentials (Barker
et al., 1974; Aziz and Slaman, 1986) are required to
account very accurately for two-body interactions. Re-
cently, Anta et al. (1997) showed that the combination
of the Aziz—Slaman potential (Aziz and Slaman, 1986)
and the Axilrod—Teller term improves the accuracy of
the calculated vapor—liquid equilibria of pure argon.
The Axilrod—Teller potential only represents the con-
tribution of dipoles to three-body interactions. Other
higher multipole terms can also contribute to three-body
interactions but their effect is generally both negligible
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Table 3. Gibbs-Ensemble Simulation of Liquid—Liquid Equilibria at T* = 0.9 Using the Lennard—Jones +

Axilrod—Teller Intermolecular Potential with o = 1.02

Phase A

p* o* X1 —E*L; E*ar —P*L P*at —u*1 —u*2
0.05 0.706(19) 0.950(16) 4.81(20) 0.21(1) 0.94(7) 0.45(4) 3.72 2.89
0.08 0.679(13) 0.892(24) 4.38(18) 0.19(1) 0.90(7) 0.39(3) 3.82 273
0.10 0.678(18) 0.865(47) 4.28(29) 0.19(2) 0.86(6) 0.38(4) 3.76 2.67
0.15 0.679(23) 0.835(60) 4.19(32) 0.18(2) 0.82(6) 0.38(5) 3.78 2.54
0.20 0.700(21) 0.868(47) 4.43(33) 0.20(2) 0.84(7) 0.42(6) 3.58 2.47
0.25 0.715(24) 0.900(48) 4.66(34) 0.22(2) 0.80(7) 0.47(6) 3.48 2.43
0.27 0.723(10) 0.927(26) 4.83(16) 0.22(8) 0.87(12) 0.49(2) 3.48 2.44
0.30 0.705(16) 0.881(31) 4.50(20) 0.20(1) 0.82(5) 0.44(4) 3.48 2.41
0.40 0.731(10) 0.895(42) 4.73(23) 0.22(1) 0.74(5) 0.49(3) 3.29 2.17

Phase B

pP* o* X1 —E*Ls E*ar —P*L P*at —u*1 —u*2
0.05 0.075(3) 0.301(31) 0.39(2) 0.0029(3) 0.015(2) 0.00065(9) 3.72 2.89
0.08 0.116(10) 0.224(14) 0.59(5) 0.007(2) 0.036(5) 0.0026(7) 3.90 2.75
0.10 0.171(26) 0.218(28) 0.84(12) 0.015(4) 0.08(2) 0.008(3) 3.83 2.63
0.15 0.303(21) 0.202(21) 1.40(11) 0.040(6) 0.19(3) 0.037(9) 3.82 2.54
0.20 0.481(50) 0.254(50) 2.13(20) 0.09(2) 0.41(6) 0.13(3) 3.70 2.51
0.25 0.551(40) 0.329(29) 2.46(19) 0.10(2) 0.47(5) 0.17(3) 3.55 2.44
0.27 0.554(34) 0.304(18) 2.46(13) 0.11(1) 0.46(5) 0.18(4) 3.57 2.42
0.30 0.575(35) 0.223(54) 2.50(12) 0.12(2) 0.48(4) 0.22(4) 3.57 2.35
0.40 0.622(24) 0.204(39) 2.69(10) 0.15(2) 0.50(3) 0.28(4) 3.44 2.17

aValues in parentheses indicate the uncertainty in the last digit.
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Figure 4. Pressure—composition projection at T* = 0.9 of the

phase behavior of a Lennard—Jones + Axilrod—Teller binary

mixture with oo = 1.

(Elrod and Saykally, 1994; Rittger, 1990) and offset by
a fourth-order, triple—dipole term (Barker et al., 1972b).
More importantly, the effect of Axilrod—Teller interac-
tions may be offset substantially (Elrod and Saykally,
1994; Sadus and Prausnitz, 1996) by repulsive interac-
tions from three-body overlap.

5. Conclusions

For the first time, it is demonstrated that three-body
interactions can induce a transition from vapor—liquid
equilibria to type Illb behavior in a model fluid. The
transition is observed despite the fact that three-body
interactions make a relatively small contribution to the
overall energy of the fluid. However, any inference for
real fluids must be tempered by the limitations of the
intermolecular potentials used. In particular, in real
fluids the effect of three-body overlap may offset par-
tially the influence of the Axilrod—Teller potential.
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Figure 5. Pressure—density projection at T* = 0.9 of the phase
behavior of a Lennard—Jones + Axilrod—Tellery binary mixture
with a = 1.
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Nomenclature

A = phase identifier

B = phase identifier

E = configurational energy

k = Boltzmann’s constant

P = pressure

r = intermolecular distance

T = temperature

UCEP = upper critical end point
UCST = upper critical solution temperature
u = intermolecular potential

x1 = mole fraction of component 1
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Greek Alphabet

o = adjustable parameter

€ = Lennard—Jones energy parameter
o = Lennard—Jones distance parameter
p = number density

6 = intramolecular angle

v = nonadditive coefficient

Subscripts and Superscripts

* = reduced property

AT = Axilrod—Teller
disp = dispersion

i, j, K = molecule i, j, or k
LJ = Lennard—Jones
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