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Abstract 

 

The thermodynamic perturbation theory of hard-sphere chains is generalised to derive an 

equation of state for hard convex body chains.  The hard convex body chain equation of state 

contains two parameters that are related directly and rigorously to the geometry of the hard convex 

body.  The compressibility factors and second virial coefficients of chains composted of prolate 

spherocylinders, oblate spherocylinders and doublecones are calculated and compared with hard-

sphere chain calculations.  The comparison indicates that the nature of the hard convex body has a 

profound influence on the properties of the chain. 
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1.  Introduction 

 

 The concept of hard-sphere repulsion has proved very useful in modelling the intermolecular 

repulsion of real fluids [1].  Accurate hard-sphere terms such as those proposed by Carnahan and 

Starling [2] and Guggenheim [3] have been incorporated into many useful equations of state.  

Indeed, the Carnahan-Starling hard-sphere term is at the heart of most theoretically-based equations 

of state [4].  Most commonly used equations of state were designed initially for relatively simple 

molecules but progress [4] is being made increasingly on the accurate description of the properties of 

large, complicated molecules.  The hard-sphere concept has also proved very useful in modelling 

chain molecules.  Typically, a molecular chain can be modelled as a collection of tangent hard-

spheres.    Chiew [5] developed a rigorous method for representing chains of hard-spheres that has 

been formulated [6] into a useful equation of state for polymers. Wertheim [7] proposed a 

thermodynamic perturbation theory (TPT) that is the theoretical basis of the statistical associating 

fluid theory  (SAFT) [8] for real molecules.  Ghonasgi and Chapman [9], Chang and Sandler [10] 

and Sadus [11, 12] improved the accuracy of TPT-type equations by including contributions from 

dimer interactions. 

 Despite the usefulness of the hard-sphere concept, most real molecules are neither spherical 

nor spherically symmetric.  To account for the non-spherical geometries of real molecules, the hard-

sphere equations of state are often modified to include the effects of anisotropy.  For example, 

equations of state such as the simplified perturbed hard-chain theory equation of state (SPHCT) [13] 

specifically include an anisotropic parameter.  A theoretically rigorous approach to account for non-

spherical geometry has been reported by Boublík [14] who used Kihara’s [15] concept of a hard 

convex body (HCB) as the basis of an equation of state for hard non-spherical bodies.  The HCB 

concept has been used successfully [16-18] to predict the properties of simple polyatomic fluids and 

it forms part of the BACK [19] equation of state.  Recently, Pfohl and Brunner [20] modified SAFT 

[8] by using the BACK [19] equation of state.  However, the HCB concept has not been used as the 

primary  representation for molecular chains of non-spherical constituents. 

 In general, a chain of hard convex bodies is likely to be a better representation of the 

geometry of many real chain molecules than the hard-sphere chain. Therefore, the properties 

calculated for the HCB chain are more likely to reflect accurately the actual properties of the 

molecular fluid.  The aim of this work is to formulate a hard convex body chain equation of state 

which is capable of representing the properties of molecular chains composed of non-spherical 

segments.  
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2.  Theory 

 

 The starting point for our derivation of a hard convex body equation of state to consider the 

generalisation of Wertheim’s TPT model as described by Chapman et al. [21] which relates the 

compressibility factor of the hard-sphere chain (ZHSC) to the compressibility factor of m hard-spheres 

(ZHS) via: 

 

Z mZ m
g

HSC HS
HS= − − +





( )

ln ( )
1 1 η

∂ σ
∂η                   (1) 

 

where gHS(σ) is the hard-sphere site-site correlation function at contact, σ is the hard-sphere 

diameter, η = πmρσ3/6 is the packing fraction, and ρ is the number density.  Although more accurate 

hard-sphere chains have been developed [9-12], they typically involve contributions from dimer 

properties.  Comparison [11] with molecular simulation data and alternative equations of state 

indicates that eq. (1) is reasonably accurate for chains of moderate size. 

 We propose that the compressibility factor (ZHCBC) of a chain composed of m hard convex 

bodies can be obtained from the hard convex body compressibility factor (ZHCB) and the hard convex 

body site-site correlation function at contact (gHCB(σ)) via the following equation which is analogous 

to eq. (1).    

 

Z mZ m
g

HCBC HCB
HCB= − − +





( )

ln ( )
1 1 η

∂ σ
∂η                  (2) 

 

To formulate eq. (2) into an explicit equation of state, we require formulae for both the 

compressibility factor and site-site correlation function at contact of hard convex bodies.  The HCB 

compressibility factor can be obtained accurately from [14]: 

 

ZHCB =
+ − + − + −

−
1 3 2 3 3 1

1

2 2 2 3

3

( ) ( )
( )

α η α α η α η
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In eq. (3), α is the deviation from non-spherical geometry which is obtained by considering the mean 

radius (R), surface area (S) and volume (V) of one convex body: 
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α = RS
V3

                      (4) 

 

In the limiting case of a hard-sphere, α = 1, and eq. (3) becomes identical to the Carnahan-Starling 

[2] equation.  The site-site correlation function at contact for hard convex bodies is given by [22]: 

 

g SHCB R= + −
−

−




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13

η
η
/
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                    (5) 

 

In eq. (5),  SR  is the ratio of the actual surface area of the HCB (SHCB) to the surface area of 

hard-spheres (SHS(equiv)) occupying a diameter equivalent to the HCB diameter:  

 

S
S

S equivR
HCB

HS

=
( )

                     (6) 

 

Expressions for SR  required in this work are summarised in Table 1.  To obtain SR, first the 

equivalent hard-sphere diameter (deq) is found by equating the expression for the volume of a hard-

sphere with the formula for the volume of the HCB.  The equivalent hard-sphere surface area (πdeq
2) 

can be evaluated from deq which, in addition to the formula for SHCB,  permits the evaluation of eq. 

(6).  In the limiting case when SR = 1, eq. (5) becomes the well-known Percus-Yevick [23] equation 

for the site-site correlation function at contact of hard-spheres.   

Inserting, eqs (5) and (3) into eq. (2) and evaluating the derivative of the logarithm of the 

HCB site-site correlation function at contact with respect to the packing fraction, we obtain: 
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 In general, the second virial coefficient (B2) can be obtained from the compressibility factor 

by applying the thermodynamic relationship [24]: 

 

B
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2
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                      (8) 
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Applying eq. (8), to eq.(7), we find that the reduced second virial coefficient of the hard convex 

body chain is: 



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m
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5.2
5.213

6
* 32
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                  (9) 

 

An interesting consequence of eq. (9) is that it indicates that under some circumstances, the second 

virial coefficient of a hard convex body chain can have a negative value.  As α, m and SR can only 

take positive values, the second virial coefficient can only be negative when  m > 1 and: 

 

S
mR >

+
−

3 1
2 5 1 1

α
. ( / )

                   (10) 

 

 

3.  Results and Discussion 

 

To examine the effect of molecular shape on the compressibility factor and the second virial 

coefficient, we have studied chains consisting of spheres, prolate spherocylinders, oblate 

spherocylinders and doublecones.  These shapes were chosen because they reflect the overall 

geometry of many real molecules.   The spherocylinders and doublecone also represent significant 

departures from spherical geometry.  The geometrically dependent properties of these shapes such as 

mean curvature, surface area and volume depend on their breadth to width ratio (γ).  The formulae 

for several different shapes have been given by Boublík and Nezbeda [25].  The relationships for the 

HCB geometries used in this work are summarised in Table 1.   The dependence of molecular 

geometry on γ means that the non-sphericity parameter, α, is a function of γ.  The formulae for α in 

terms of γ are summarised in Table 1.   In the case of hard-spheres, α = γ = 1.   

The compressibility factor calculated from the HCB-chain equation of state (eq.(7)) as a 

function of packing fraction for chains consisting of prolate spherocylinder, oblate spherocylinders 

and doublecone segments are illustrated in Figures 1,2 and, 3 respectively.  Irrespective of the shape 

of the HCB segment, the calculations of the compressibility factor reported here are for chain lengths 

of 100σ.  The 100σ chains are composed of  m hard-spheres,  m prolate spherocylinders, m oblate 

spherocylinders or m doublecones.   The breadth of all the HCBs is σ and therefore, γ = 100/m.  In 
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each case, a comparison is presented for chains with different m HCB segments and the all hard-

sphere chain.   

Comparing the data in Figures 1-3 with each other indicates that, at any packing fraction, the 

compressibility factor of doublecone chains (Figure 3) is considerably greater than prolate 

spherocylinder chains (Figure 1) which in turn is greater than the compressibility factor of oblate 

spherocylinders (Figure 2).  At low packing fractions (η < 0.15), the compressibility factor of the 

various chains is similar irrespective of the shape of the HCB segment.  However, at moderate to 

high packing fractions (η > 0.3), the shape of the HCB has a considerable effect on the observed 

compressibility factor.   

The compressibility factor is also very sensitive to the number of HCB segments in the chain.  

Initially as the number of HCBs in the chain is increased (i.e., increased m), the compressibility factor 

is lowered substantially.  This may reflect the greater conformational flexibility of a multi-segment 

chain.  However, if m is increased further, the reduction in the compressibility factor is halted and the 

compressibility factor begins to increase and approach the hard-sphere chain value.  This changeover 

point is different for the different HCB chains.  For either prolate spherocylinder (Figure 1) or oblate 

spherocylinder chains (Figure 2) it occurs for m > 30, whereas for doublecone chains (Figure 3) , the 

changeover occurs for m > 50.          

It is also interesting to observe when the compressibility factor of the HCB chains becomes 

less than the compressibility factor of the all hard-sphere chain.  The number of segments required to 

achieve this depends clearly on the nature of the HCB.  For the oblate spherocylinder chains it occurs 

when m = 5  (Figure 2) whereas at least 10 segments are required for the prolate spherocylinder 

(Figure 3).  In the vicinity of 50 doublecone segments (Figure 3) are required to reduce the 

compressibility factor below the all hard-sphere value. 

The reduced second virial coefficient of the different HCB chains of varying chain length 

(from 5σ to 100σ) as a function of number of segments is illustrated in Figures 4-6.  It is apparent 

from the data in these figures that the reduced second virial coefficient for doublecone chains (Figure 

6) is considerably larger than for prolate spherocylinders (Figure 4) which in turn have larger values 

than oblate spherocylinder chains (Figure 5).  Irrespective, of the nature of the HCB segment, the 

second virial coefficient declines progressively as the chain size is reduced.  It is also evident from 

Figures 4-6 that the major differences in the reduced second virial occur when there are relative few 

segments in the chain.  The reduced second virial coefficient of hard convex body chains with a large 

number of segments (m > 30) appear to approach a common value irrespective of the shape of the 

HCB segment. 
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Equation (7) provides a relatively simple means of investigating the properties of hard convex 

body chains.  Ideally it would be useful to compare the predictions with molecular simulation [26].  

To the best of our knowledge, molecular simulation data in the literature for hard-body chains are 

confined exclusively to hard-sphere chains and no simulation data exists for the hard convex body 

chains examined in this work. 

 

4.  Conclusions 

 

     A relatively simple equation of state has been developed that is capable of predicting the 

properties of hard convex body chains.  The only two equation of state parameters are related 

rigorously to the geometry of the hard convex body.  The calculation of the compressibility factors 

and second virial coefficients of hard chains consisting of prolate spherocylinders, oblate 

spherocylinders and doublecones indicate that these properties are very sensitive to segment shape.  

The hard convex body equation of state is potentially a useful basis for the development of equations 

for real molecular chain fluids.  
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Table 1.  Geometrical formulae of hard convex body (HCB) shapes studied in this work*. 

 

Shape R S V α 

 
Sphere σ/2 πσ2  πσ3

6
 

1 
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( )γ σ+ 1
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 γπσ2  ( )3 1
12

3γ πσ−
 

γ γ
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3 1
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2

2 2

 

( )6 1 3 1 4
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2 3( ) ( )γ π γ πσ− + − +

 

(0.5 ( 1) 2 ( 1) ( 1) 2

6( 1) 3 ( 1) 4

π γ γ π γ
γ π γ

− + − + − +
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Doublecone ( / )γ γσ+ 1
4

 ( / )γ γπσ+ 1
2

2

 
( / )γ γπσ+ 1

12

3

 
γ γ+ 1

2
/

 

* The symbol σ represents the breadth of the HCB and γ is the maximum length/breath ratio. 
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Figure 1.  The compressibility factor of various prolate spherocylinder chains ( m = 2, 5, 10, 30, 50, 
75) of length 100 σ compared with the compressibility factor of the hard -sphere chain (O).  
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Figure 2.  The compressibility factor of various oblate sphero cylinder chains (m = 2, 5, 10, 30, 50, 
75) of length 100 σ compared with the compressibility factor of the hard -sphere chain (O).  
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Figure 3.  The compressibility factor of various doublecone chains ( m = 2, 5, 10, 30, 50, 75) of 
length 100 σ compared with the compressibility factor of the hard -sphere chain (O).  
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Figure 4.   The reduced second virial coefficient of prolate spherocylinder chains of various lengths 
(5σ, 10σ, 25σ, 50σ, 100σ) as a function of the number of prolate spherocylinder segments.  
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Figure 5.   The reduced second virial coefficient of oblate spherocylinder chains of various lengths 
(5σ, 10σ, 25σ, 50σ, 100σ) as a function of the number of oblate spherocylinder segments.  
 
 
 



 5

1 8 15 22 29 36 43 50m
0
5

10
15
20
25
30
35
40
45
50
55
60
65
70
75
80

B*

100
50

25
10

5

 
 
Figure 6.   The reduced second virial coefficient of doublecone chains of various lengths (5 σ, 10σ, 
25σ, 50σ, 100σ) as a function of the number of oblate doublecone segments  
 
 


