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Chapter 4 Criteriafor Equilibriaand Calculation Techniques

Two kinds of phase equilibria cdculaions ae presented here namdy
cdculations of the citicd points and binodd equilibria These criteria will form the
bass of cdculaions presented in Chapters 5 and 6. The theoreticd method has been
described dsawhere (Sadus, 1992, 1994) and dso in Chapter 2 we reviewed conforma

solution and perturbation theories. In Chepter 3, equations of date and mixing rules

were given.
4.1 Criteriafor Phase Equilibria
4.1.1 Criteria for Vapour-Liquid Phase Coexistence --- Pure Component
It is wel known that the liquid phase of a one component fluid is in equilibrium
with its vepour if (i) the temperature (T) and pressure (p) of both phases are equd

(mechanicd equilibrium), and (i) the chemicd potentid (m) of the vgpour and liquid
are equivdent (materid equilibrium), i. e,

T =T 4.1
p=p 42
m =m @3)

where the primes digtinguish between the vapour and liquid phases respectively. For a
one component fluid, it is more convenient to replace EQ.(4.3) with the equivaent
condition thet the Gibbs function of molecules of ether phaseis equd,

G =G’ 44

where G denotes the Gibbs function. The Gibbs function can be obtained directly from
an equetion of state viathe thermodynamic rdaionship
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G=A+pV (45)

in which the Hdmholtz function (A) is obtained by integraing pressure (p) with respect
to volume (V),

A=-(pdV (456)

Consequently, the vepour pressure of a one component fluid & a specified temperature
can be smply obtained by employing an eguation of date to obtain the volumes of the
coexiging liquid and vagpour phases which smultaneoudy saify Eq. (4.6). This can be
reedily achieved by gpplying Maxwel's criterion of equal arees (Waas, 1985).

4.1.2 Criteria for Phase Coexistence --- Binary and Multicomponent Mixtures

Extending the above criteriato binary and multicomponent mixtures,

T=T"=T"=... (47)
p=p=p = 48)

YaYaYaYaY s YaYa Y

M, =M, =m, = (4.10)

The chemicd potentids are Smply related to the Gibbs function by:

G=8 xm @11)

x =1-a X 412
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For determining the eguilibrium conditions of a twephase binary fluid, by usng
the above criteria (G =xm +x,m, x,=1- X,, m =m, m, =m, ), the equilibium
criterion can be expressad in terms of the Gibbs function as (Sadus, 1992)

HG 0 _HG 0 @13
gﬂxz [ gﬂxz Drp
G - X-Z?T_G@ -G - &”GO (414)

X, @, ﬂx gr o
Transforming the above equaionsin terms of the Hdmholtz function (Eg. (4.6)),
EIAL  ETAU
&0 =& (415
éﬂXZ OTy eﬂXZ GTy

0 0

eA+ pV - X %_ u —§A+ pV - X ?[_: a (4.16)
8 Ya,g & ™. oy

where A, V ad x denote the Hemholtz function, volume and mole fraction,
respectively.

Smilaly, for determining the equilibrium conditions of a twophase ternary
flud, by usng G =xm +X,m, +XsMy, X =1- X, + X5, M =M, M, =m,, M, =m,
the equilibrium criterion can be expressed as (Prigogine and Defay, 1954, Sadus, 1992)

aeﬂGo aenGo

417
ﬂXz 1% gﬂxz Drp

6o _FGO (418
€105 EMp |
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4.2 Critical Criteriafor Multicomponent Mixtures
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€ gy

(4.19)

The classcd criticad conditions of a mcomponent fluid mixture are due to
Gibbs (1928). A criticd trangtion is observed when the boundary between sable and
metasteble dates (spinodd curve) and the coexistence boundary between different
dable phases (binodd curve) meet. The citicd trangtion can be geomericdly
interpreted as a point of inflection of the chemicd potentid with respect to composition.

Hence, the firda and second derivatives of chemicd potentid with

respect to

compostion are equa to zero wheress a higher derivative must be pogtive in order to
observe a dable critical trangtion. The critical properties of a mrcomponent fluid can be

obtained by determining the temperature (T), volume (V) and compogtion (X) which
saidy the critica conditions,
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where A denotes the Hemholtz function and is determined by employing a suitable
equation of date. The condition Y>0 (EQ.(4.22)) guarantees the thermodynamic stability
of the cdculaed criticd point. Consequently, the cdculation of criticd equilibria
involves locaing the temperature, volume awd compodtion which stisfy two
smultaneous equations (Eq.(4.20) and Eq.(4.21)) and checking the thermodynamic
dability of the solution. Eq.(4.20) to EQ.(4.22) represent the smplet form of the
classcd criticd criteriain terms of the Helmholtz function.

4.3. Calculation of the Helmholtz Function

In our work, the Hdmholtz function for the mixture is obtaned (Hicks and
Y oung, 1975, Sadus, 1992) from conforma solution theory using the one-fluid modd

A= fesA(; (V /he51T/ fes) - RTIn hes + Acb (423)
with
A, =RT xInx (4.24)

where R is the universd gas condant, A, is the configurationd Hemholtz function of
the reference substance, the A, (combinatorid property) term is the contribution from

the entropy o mixing, and the "es' subscript denotes the property of the equivaent
substance. The configuration contribution can be obtained from an equaion of dae In
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this work we have used the van der Wads Guggenheim and Heilig-Franck equations of
state (see Chapter 3 for detals). The f and h terms are the conforma parameters which
can be deduced from the criticd temperatures and volume, respectively. It is customary
to choose one of the components of the mixture as the reference substance (denoted by
the subscript 0) and obtain the conformal properties of the pure substance rdative to it,
ie, fu =TS /Ty, hy =V3 Vs ec The pure component data is obtained from a
compilation by Ambrose (Ambrose, 1980) in our work.

The conforma parameters for the equivadent substance of mixtures are evauated
from the van der Wad's prescriptions (see Chapter 3 for details)

feshes = é é. xX; f;h; (4.2
he, = é. é X thij (4.26)
where the contribution of unlike interactionsis given by

fij :X(fiifjj)o'5 421

h; =0.12% (h® + ")’ (@28
where x and z ae adjustable parameters used to optimize agreement between theory
and experiment. For the detail of mixing rules refer to Chepter 3.

4.4 Calculation Techniquefor Phase Equilibria --- Newton-Raphson Method

In order to caculae phase equilibria, an effective numericd method is required.
There are many techniques (Henrici, 1964; Traub, 1964; Acton, 1970; Press & d.,
1988) avaldde for solving two or three Imultanecus eguations of two or three
vaiables They commonly involve successvey refining an initid gpproximate solution
until convergence is obtaned. For isolaled n-dimensond root geometries combined
with darting vaues that are noticesbly nearer one root than any of the others, dmost
any reesondble method will converge to the root. If explicit firsd derivaives ae
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calculable, Newton-Raphson method is the method of first choice. It is sraightforward

and converges quadraticaly. It is smple in concept and it is adequate in many instances
(Waas, 1985). In our work, the Newton-Raphson method (Henrici, 1964; Acton, 1970;
Walas, 1985; Press et al., 1988) isemployed.

4.4.1 Newton-Raphson Method for Binary Mixtures

To cdculae the binodd curves of hinary mixture a fixed temperature and
pressure, the Newton-Rephson method is used to locate second composition x, of two
phases wheress the firg compostion x, of two phases can be obtaned by usng
X, =1- x,. For usng the Newton-Raphson method, we rewrite the criteria for phase
equilibrium, Eq.(4.13) and Eq.(4.14) as,

aenGo aeﬂGo _

f (%, %,) = gﬂ . zr g‘ﬂxz : =0 (429

aE!HG

g =0 (4.30)
P ﬂX2 gf p

g9(x,,%)=G -G’ -xée”
Zﬂr

By applying the experimental or estimated data for the initial values of x, and

x, , theimproved values x, ™ and x, ™ can be obtained by

Cidl é 8aTg(x2, xz)

X, —X -ef(xz,x)g ﬂx aan( 2)0
2 ﬂ

- 9(Xy, X,)' g u/J 431

Xz QH

vitl wi ﬁ[f( 2) 0

6 o du
= x (:eg(x'z,x;)g - x) 1906 %) 0
g . X, Q

E o H 42

where
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2 (., %) $ 20X, )8 & (%, ) 8 a9 (., 36) &

T 58 5 & o 58 W

43)

When these eguations are used to cdculate binodd curves, the mgor difficulty is
detemining the iniid vaues for x, and x, . Combining the experimenta with
edimated data, we may have to try severd times to get the correct solution.

4.4.2 Newton-Raphson Method for Ternary Mixtures

The method for cdculating ternary phenomena must be carefully consdered.
Before giving details about ternary mixtures cdculaions, we give the Newton-Raghson
method (Herici, 1964; Acton, 1970; Wadas, 1985; Press et d., 1988) from the point of
view of mahematics. It is assumed tha a method of solving systems of linear equations
is known, with determinants if there are only a few variables, or by matrix methodsin
general. The Newton-Rgphson method reduces the set of nonlinear equations in the
primary variables into a s&t of linear ones in corrections to trid vaues of the primary
variables. Taking a system with three unknowns,

f(xy.2=0 (434)
9(x,y,2) =0 (4.35)
h(x,y,z) =0 (4.35)

esimates of therootsare (X', y', Z') and corrections are (a, b, c), so that

x*=x"+a (4.37)

yi+1 — yi +b (438)

Z7"=z7"+c (4.39
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areimproved vaues. The linear equationsto be solved fora, b and c are

f, +af, +bf, +cf, =0 (4.40)
g, +ag, +bg, +cg, =0 (44
h +ah +bh +ch, =0 442

where, for example, f, = f(x y,,z), f, =1f /xevduated & (X, ¥, z,) and so on.
The solution in terms of determinantsis

a=—1' v 21 443

- gx gi gz

h, h h
b= =l (444)

f, f, f

- gx gy gi

c=—2 211 (4.45)

D=lg, 9, 9, (4.46)

In the next trid the starting values are x'™ =x' +a,y™ =y +bandz™ = Z +c. This
is the mathematicd basis o the Newton-Raphson method for three unknown variables.



115

As we know that for a twophase ternary fluid, there are three compogtions in
each phase. When the Newton-Raphson method is gpplied to a ternary mixture a fixed

temperature and pressure, if we use the same procedure x; =1- X, - X, for each phase,
we have four unknown varigbles, x, and X, for both phases In our work, the second

composition of phase one (x,) is fixed. So, there are three variables (x,, X,, X,) for the

cdculaions. The conditions for temary phase equilibria, Eq.(4.17) to Eq.(4.19), can be

re-expressed as follow:

Go Go
f(x3,x2,x3) gTIX - 8?7% =0 447
24 p
HGO HGO _
(X3,X2,X3) gﬂxg 5 ) ﬂ_ngr,p =0 (4.48)

G 6 . aenG Go
h(Xs,Xz,%) =G - G’ +x2g—: xsg—; xsg—; =0 (449
2By, EWl,  EVop,  EMp,

Applying X=X, y=x,andz = x; to Eq. (4.34) to Eq.(4.46) we can obtan two points
(%, Xy, X3) and (%, X, X;) Which satisfy the criteria of fluid phase equilibrium of the

ternary mixture. The initid vaues (xh;,i : x;i , x;i) can be obtained from the citicd points
of ternary mixture or binodd points of binary mixtures It is apparent that guessng
correct initid vaues is more difficult than obtaining rdiadle initid estimaes for binary
caculations.

4.5 Calculation Techniquefor Critical Points--- Hicks-Young Algorithm

In order to locate dl types of criticad trangtions, the Hicks and Young (Hicks
and Young, 1977, Sadus and Young, 1987) dgorithm is used in this work. The idea of
this dgorithm is to track eéther X =0 (Eq.(4.21)) or W =0 (Eq.(4.20)) & a specified
compostion, over a search range of the temperature and volume while monitoring the
dggn of the other function. It is computetiondly esser to trace W =0 (Eq.(4.20)) rather
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than X =0 (Eq.(4.21)) because of the increased complexity of the later condition. The
search procedure is illugrated diagrammaticdly in Fg. 4.1 Two points (1 and 6) are
desgnated a a smdl interva on dther sde of the entry point which lies on one sde of
a gquare defined by the points 2, 3, 4 and 5. The Sign of W is compared between the
adjacent pars of points, i.e, between 1 and 2, 2 and 3; 3 and 4, 4 and 5, 5 ad 6. A
change of dgn indicates that condition W =0 passes between the point an odd number
of times. The dgn of X is checked a these points and if it has changed, then an
intersection of W and X has been passed. The search procedure is scded down until the
criticd point if accurately found. If the sgn of X is unchanged, the new point is used to
establish the direction of the W = 0 line and the next search square is arranged.

Fig. 4.1 Schemaic representation of the Hicks-Young dgorithm for locating the criticd
poirt.

The mgor advantages of the Hicks-Young dgorithm are that dl solutions of the
criticd  conditions are locaed and that no initid approximeations are required. Both
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these agpects are very important for the a priori prediction of criticd equilibria Another
advantage is that no additiond derivatives are required other than those used to obtain
Eqg. (4.20) to Eq. (4.22). Sadus (1992) has agpplied the dgorithm to the prediction of
citicd equilibria of ternary mixtures. Recently, Cadtier and Sandler (1997a & b) dso

employed the Hicks and Young (1977) dgorithm to perform criticd point cadculaions
in binary systems.
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