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Appendix 2

Three-Body Potential Molecular Simulation mplementation

In this gopendix we report an easy and correct way to implement the 3-body potentid
(namdly, the AxillordTeler potentid [Axi43]) in a molecular dynamics and Monte
Carlo computer smulaion program.

In the firg section we show how to verify Newton's third law of dynamics with the
3body potentid, snce in this way we are adle to find ussful expressons. In the second
section we point out the problem aisng using the minimum image convention with the
3body potentid, suggesting adso the correct method to avoid migtekes. In the third
section we write the expressons for the forces and the pressure, and in the last section
we implement these expressions in an dgorithm optimized for vector computers and

designed to be fagt enough to make the smulations feesble,

A2.1 Newton’s third law of dynamics for 3-body potential

Congdering three aoms i, | and k the 3body AxilrodTdler potentid is (see Chapter
2):

_ v (1+3cosq; cosq; cosq, )
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(A2.1)



Three-Body Potential Molecular Smulation Implementation 146

where v, is a nonadditive coefficient and where the angles and intermolecular
separations

r2 =(xi - xj)2 +(yi -y, )2 +(zi - zj)2 (A2.2)
refer to atriangular configuration of atoms (see Figure 2.1). Using the cosine law:

2_,2 ) riJ'z"'rizk-szk
rP=rng+rg - 2n, I, cosa ® o =———— (A2.3)
2rikrjk

the potentid in eq (A2.1)can be written as.

; 2,202 2 2022002 c2)p

_& 3(' fij * ik +rjk)(rij - rik+rjk)(rij *hi - rjk)l,J
ule =Ve=33 + 5.5.5 u (A2.4)
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Expressing the potentia as afunction of the relative coordinates:
(s X0 Vi) TUDG = XG5 XX = Xis Vi = i) = U0k X X Vi ieev) (A2.5)

the derivatives in the coordinates are easily obtained by:

R0 T _ €T M, i ﬂuuku e'ﬂuuk +ﬂuuk = F +

R (A26
007 T TR By T TRl 8T T (A29)

Here F®X is the total 3body force (due to atoms j and k) on atom i inthe x direction,

i(jk)
F,(sf’)ﬁ is the contribution from aom j only. There are smilar expressons for the other
coordinates.
F3X o Tuipe €T Ty T[Xjk ﬂuuku € fluy ﬂuuku u
1 gy __g‘ﬂx ™ Tx X ™ ‘Hx L
T - L IR T ik l;l g % I Q y (A2.7)

3b; 3b;x _ 3b; 3b;
Fio * Fiaoi = Ficok * Fioo
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3b; 3b;x _ 2; 3b; |

Fei + Py == Fidi - Fiaon b

Using the previous reationships, it is possble to show that the totd forces on the aoms

i and j are equd and opposite to the totd force on the aom k.

3b; x 3b;x — = 3b;x 3b;x 3b; x 3b;x — = 3b;x 3b0;x — _ E=3b;x
Fitio + Fig = Rtk + Fiadi * Figk * Fiooi = Figgs + Fieo =Ry - (A29)

We point out thet to obtain the previous result we have only used the fact that the 3-

body potentid is afunction of the relaive distances between the three atoms.

A2.2 Three-body potential and minimum image convention

Given a triplet of aoms applying the minimum image convention requires some

cae In gened the minimum image convention does not keep the ‘shgpe of the

triangle. Let usandyzetheijk triplet in thefollowing picture

Box length
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When we apply the minimum imege convention on the length ij, we have to consder

the imagine of j (j’), because (xi- X) is longer than haf the box length; so we consider

theside ij’ .
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In the case of the side ik, we do not have to consider the images because - Xy is not

longer then hdf the box length. So the triangle now should be ij’k, but when we

consider the atoms j and k, we have to cdculate the sde jk and not kj'. So we have a

“triangle’ with the shape:

Using a cut-off for the 3body potentid for which a triangle is accepted if each dde
is less than a quarter of the box length, avoids these undesrable Stuations. Even if this
condition is very drict, we have tested that for smulations a liquid densties with 500
agon aoms, the reative cut-off guarantees a good accuracy for the Axillord Teler
potentia ((Mar99], see dso Chapter 3). It is worthwhile to point out that the condition
for the cut-off works dso with Lees-Edwards diding brick boundary conditions

([Eva9Q], see dso Chapter 2).
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In his work [Att92] Attard recognized this problem, but suggested a different
olution. He implemented a different minimum image agorithm to be gpplied only for
triplets of atoms and he adopted a cut-off for the three-body potentid smdler than half
the box length, as is the case for the twobody potentid. Even if this mathematicaly
solves the problem, we can not atribute to it a cear physica meaning. In the case
depicted in the fird figure, dl the par interactions between the three a@oms are
caculated, snce dl the three Sdes are less than hdf of the box length, according to the
traditionad minimum image convention. On the other hand, when Attard’s dgorithm is
goplied to cdculate the three-body interactions, the same triplet of aoms is reected,
snce jk is greder than haf the box length. Furthermore, it is not dlear if Attard's
agorithm can be generdized for L ees-Edwards diding brick boundary conditions.

Sometimes, a mideading condition for the threebody potentid cut-off is adopted
[Cor0Q]. The three-body force on aom i is conddered different from zero if and only if
both atoms j and k lie within the at-off distance to aom i. No additiond reguirement is
made on the distance between atoms | and k. This leads to non-symmetric situations. Let
us condder the case where the distances between i and j and i and k are less than the
cut-off, and the distance between j and k is greater than the cut-off. The three-body
force on aom i is not zero. For atoms j and k the three-body force is zero. This dearly

violates Newton's third law of dynamics as expressed in Eq. (A2.9), since the totd

three-body force on the triplet of alomsis not zero.

A2.3 Forces and pressure for 3-body potential

In generd, the ab (a,b = x)y,2) component of the configurationa pressure tensor is

usually defined by [Ala87];
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PpV = é aF° =- é a; 11;;?

(A2.10)

Congdering for amplicity the xx component, it is possible to write:
o .. 9 o .
a %Fi =a a % Fj (A211)
i i j>i
where:

Xij =% - X IU
«_ 'ﬂu_IJ y (A212)

! 11ij Ip
The left-hand-9de of Eq. (A2.11) is not suitable to be used with the minimum image
convention, since in generd it changes the vaue of X;; we are forced to work with the
second term of the reldion (A211) [AllI87], i.e with expressons which contan r;

rather than r;. In particular we aso have to do this with the 3-body potentid.

A smilar relation holds for the 3-body case:

(o) ) O O O )

p3by = a x 30 = a a Xi Fi?[jjl’:)( . (A213)
i i jrti kb
We can aso write:

(o] . 10 O O ) . )

3b;x _ 3b;x F;x P;x
a x; F —ga a ka_ (xi Fii % Fiii +Xka(ij)) (A2.14)

i i jLi 1j

gncetheindicesi,j,k are equivaent.

Furthermore,
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Here we write F:*Tk’)‘ = F f‘f’)ﬁ Flf‘f)j‘, and smilaly for the other triplet terms.
Subgtituting Egs. (A2.7) and (A2.8) in Eq. (A2.15) gives
o u
3b;x _— 3b; 3b; T
a xF =3 { Rk Fl(kx]J"ll,
. i Jll kl ; ?/ (A2.16)
3b; 3b; 3b; 3b; .
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| e y (A2.18)
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Since F5 =- T K (and similaly for dl the other terms), we achieve the god of
X;

expressng the pressure as a function of par distances. Now we need to find an

ﬂ |]k

expression for . The potentid is

Xij
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Smilar expressions exig for dl other deivatives of the triplet potentid. This expresson

is‘easy’ toimplement in aprogram, aswe report in the following section.

A2.4 Algorithm

In what follows we report an dgorithm to implement the 3-body potentid for a
system of n aoms. We optimize the dgorithm in order to teke advantage of the
vectorisation, hence this dgorithm is not suitable for aparald computer.

As a fird sep we have to cdculate the distances between dl the par of aoms, and
goply the minimum image convention (note that this loop in not time consuming in

comparison with the 3-body agorithm):
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loopi- 1,N-1
loop j - i+1,N

/I coordAtomX(i), coordAtomY(i) and coordAtomZ(i) are the coordinates of atom i.
/I distanceAtomsX, distanceAtomsY and distanceAtomsZ are the distances between two
Il @omsinthe X, y, z directions repectively.

distanceAtomsX = coordAtomX(i) - coordAtomX(j)
distanceAtomsY = coordAtomY(i) - coordAtomY(j)
distanceAtomsZ -~ coordAtomZ(i) - coordAtomZ(j)

/I Minimum image convention [All87]. boxLength isthe box length. The
/I efficiency of different dgorithms for the implementation of the minimum imege
/I convention is studied in the work of Hloucha and Deiters [HI097].

distanceAtomsX - distanceAtomsX- boxLength* NINT(distanceAtomsX / boxLength)
distanceAtomsY - distanceAtomsY - boxLength * NINT(distanceAtomsY / boxLength)

distanceAtomsZ - distanceAtomsZ - boxLength * NINT(distanceAtomsZ / boxLength)

Il distanceAtomsl(i,j),distanceAtoms2(i,)),...distanceAtoms6(i ) are arrays where the

/I distances between atoms (and their respective powers) are stored. These arrays
/I should be symmetrised, (d(i,j)=d(j,i)), but in what followsiit is not necessary.

distanceAtoms2(i,j) - distanceAtomsxX**2 + distanceAtomsY**2 +
distanceAtomsZ* * 2

distanceAtomsl(i,j) - SQRT(distanceAtoms2(i ,j))

distanceAtoms3(i,j) - distanceAtoms2(i,j)* distanceAtomsl(i,j)

distanceAtomsA4(i,j) - distanceAtoms2(i,j)* distanceAtoms2(i,j)

distanceAtoms5(i,j) = distanceAtoms2(i,j)* distanceAtoms3(i,j)

distanceAtoms6(i,j) - distanceAtoms2(i,j)* distanceAtomsA(i )

Ix(i,),y(i,j) and z(ij) are arrays to store the rdlive disancesin the x, y, z directions.

X(i,j)— distanceAtomsX
y(i,j)—~ distanceAtomsY
Z(i,j)—~ distanceAtomsZ

end j loop
end i loop
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As usud, a double loop can be used a this stage to caculate the 2body potentia and

forces
loopi- 1,N-1
loop j = i+1,N

/I Cdculation of two-body potentia and forces

end j loop

end i loop

This loop is not time consuming in comparison with the 3-body agorithm; note that
we do not use a neighbor ligt, snce it could be complicated to implement with a 3body
potentid and because it would probably compromise the vectorisation.
Before the dgorithm for the 3-body terms is implemented, some variables have to be
initiglized:
// total 3BodyEner gy isthetota 3-body energy. total 3BodyForceX(i),
// total 3BodyForceY(i), total 3BodyForceZ(l) are the totd forces on the atom i inthe x,
/'y, z directions. pressureTensor 3body(1),....pressureTensor 3body(6) arethe xx, xy, xz,
I1yy, yz, zz lements of the 3-body pressure tensor. The hydrostatic pressure is 1/3 of the

/[ pressure tensor’ s trace.

total 3BodyEnergy - 0.0
loopi-= 1,N
total3BodyForceX(i) = 0.0

total3BodyForceY(i) - 0.0
total3BodyForceZ(i) = 0.0

end i loop

loop i- 1,6
pressureTensor3body(i) = 0.0

end i loop
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Now we have to agpply the cut-off condition to know which triplets of atoms

(triangles) can be counted. To do that we use the usud triple-loop:

/Il dla(lc), d2a(lc),...d6a(lc) are arraysto store the first Sde (and powers) of the

Il lc-th accepted triangle. d1b(Ic), d2b(Ic),...déb(Ic) are arrays to store the second
/I Sde (and powers) of the lc-th accepted triangle. d1c(lc), d2¢(Ic),...déc(Ic) are

Il arraysto ore the third side (and powers) of the | c-th accepted triangle. dXa(lc),

/I dYa(lc), dZa(lc) are arays to store the relaives coordinates of the first side of

/I the lc-th acoepted triangle.

Ic- 0.0
loop i= 1,N-2
loop j— i+1,N-1
|00p k= j+1,N

if (distanceAtomsl(i,j) < boxLength/4 .and.
distanceAtomsl(i,k) < boxLength/4 .and.
distanceAtomsl(j,k) < boxLength/4)

/I This is the cut-off condition: a triangle is accepted if each of its Sdes is less than
Il aquarter of the box length.

lc- Ic+1

dla(lc) - distanceAtomsi(i,j)
d2a(lc) - distanceAtoms2(i,j)
d3a(lc) -~ distanceAtoms3(i,j)
d4a(lc) ~ distanceAtomsA(i ,j)
d5a(lc) - distanceAtoms5(i,j)
déa(lc) - distanceAtoms6(i,j)

dXa(lc) -~ x(i,j)
dYa(lc) = y(i,j)
dza(lc) - z(ij)

dib(Ic) - distanceAtomsi(i,k)
d2b(Ic) - distanceAtoms2(i,k)
d3b(lc) -~ distanceAtoms3(i,k)
d4b(Ic) - distanceAtomsA(i,k)
dsb(Ic) = distanceAtoms5(i,k)
déb(lc) - distanceAtoms6(i,k)

dXb(lc) ~ x(i k)
dYb(Ic) - y(i k)
dzb(lc) - z(i k)
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dic(lc) - distanceAtomsl(j,k)
d2c(Ic) = distancetoms2(j,k)

d3c(Ic) = distanceAtoms3(j,k)
d4c(Ic) - distanceAtoms4(j,k)
dsc(lc) - distanceAtoms5(j,k)
déc(lc) - distanceAtoms6(j,k)

dXc(lc) - x(j,K)
dYe(lc) - y(j,k)
dze(Ic) - z(j k)

I11(Ic), 12(Ic), 13(Ic) are integer arraysto sore the indices of the 3 atomsin the
Il'lc-th triangle; these arrays will be used to calculate the forces.

1231¢) - i
12(1¢) - |
13(¢) - k

end if

end k loop
end j loop
endi loop

The next loop will be a ‘long loop over the number of dl accepted triangles to
cdculate energy, forces and pressure. This loop speeds up the program, since it can be

vectorised more intensdly than anormd triple loop.

loop 1= 1,lc

/l dVdRa, dVdRb, dvdRcare 14 0 U0 T edtively (see section A2.3).

ry T " T Fix T
/I nonAdditiveCoef is the non-additive coefficient n.

dvdRa - (3.*nonAdditiveCoef/(8.* dla(l)))* (
-8./(dda(l)* d3b(1)* d3c(l))-1./(d5b(1)* d5c(1))
+5.*d1b(l)/(d6a(l)* d5c(l))+5.* d1c(l)/(d6a(l)* dsb(l))
-1./(d2a(l)* d3b(l)* d5c(1))-1./(d2a(l)* d5b(1)* d3c(1))
-3./(dda(l)* d1b(l)*dsc(l))-3./(dda(l)* d5b(l)* d1c(l))
-5./(d6a(l)* d1b(l)*d3c(l))-5./(d6a(l)* d3b(l)* d1c(l))
+6./(dda(l)*d3b(1)*d3c(l)) )
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dVdRb - (3.*nonAdditiveCoef/(8.* d1b(1)))*
-8./(ddb(1)* d3a(l)* d3c(l))-1./(d5a(l)* d5c(1))
+5.*d1a(i)/(deb(l)* dsc(l))+5.* d1c(l)/(deb(l)* d5a(l))
~1./(d2b(1)* d3a(l)* d5c(1))-1./(d2b(1)* d5a(l* d3c(1))
-3./(d4b(1)* d1a(l)* d5c(1))-3./(d4b(1)* dsa(l* dic(l))
-5./(d6b(1)* d1a(l)* d3c(1))-5./(d6b(1)* d3a(l)* dic(l))
+6./(d4b(1)* d3a(l)* d3c(l)) )

dVdRc = (3.*nonAdditiveCoef/(8.* d1c(l)))* (
-8./(d4c(1)*d3b(1)* d3a(l))-1./(dsSb(l)* d5a(l))
+5.*d1b(l)/(d6c(l)*d5a(l))+5.*d1a(l)/(d6c(l)* d5b(l))
-1./(d2c(1)*d3b(I)* d5a(l))-1./(d2c(l)* d5b(l)* d3a(l))
-3./(d4c(1)*d1b(l)* d5a(l))-3./(d4c(l)* dsb(l)* d1a(l))
-5./(d6éc(1)*d1b(l)*d3a(l))-5./(d6c(l)* d3b(l)* d1a(l))
+6./(d4c(l)*d3b(l)*d3a(l)) )

/I Thisisthe cdculation of the forces:

/' total 3BodyForceX(l1(1)) isthe force on the atomi in the X direction.
// total 3BodyForceX(12(1)) isthe force on the aom j in the X direction.
/1 total 3BodyForceX(13(1)) isthe force on the aomk inthe X direction.

total 3BodyForceX(11(1)) - total3BodyForceX(l11(l))-dXa(l)* dvVdRa-dXb(l)* dVdRb
total 3BodyForceY(11(l)) - total3BodyForceY(l11(1))-dYa(l)* dvdRa-dYb(l)* dvdRb
total 3BodyForceZ(11(1)) - total3BodyForceZ(11(1))-dZa(l)* dvVdRa-dzb(l)* dVdRb

total 3BodyForceX(12(1)) - total3BodyForceX(12(1))-dXa()* (-dvVdRa)-dXc(l)* dvVdRc
total 3BodyForceY(12(l)) - total3BodyForceY(l12(1))-dYa(l)* ((dvVdRa)-dYc(l)* dvVdRc
total 3BodyForceZ(12(1)) - total3BodyForceZ(12(1))-dZa(l)* (-dVdRa)-dZc(l)* dVdRc

total 3BodyForceX(13(1)) - total 3BodyForceX(13(1))-dXb(l)* (-dVdRb)-dXc(l)* (-dvdRc)
total 3BodyForceY(13(l)) - total3BodyForceY(13(l))-dYb(I)* ((dVdRb)-dYc(l)* (-dVdRc)
total 3BodyForceZ(I13(1)) - total 3BodyForceZ(13(1))-dzb(1)* (-dVdRb)-dZc(l)* (-dVdRc)

/' Note, it isaccumulating al the contributions of the same atom from all triangles
/ where the atom is present).

/I Cdculaion of the eements of the 3-body pressure tensor.

pressureTensor 3body(1) = pressureTensor3body (1)

-dXa(l)*dXa(l)* dvdRa -dXb(I)* dXb(I)* dvVdRb -dXc(l)* dXc(l)* dVdRc
pressureTensor 3body(2) — pressureTensor 3body(2)

-dXa(l)*dYa(l)* dvdRa -dXb(1)*dYb(I)* dvdRb -dXc(l)*dYc(l)* dVdRc
pressureTensor 3body(3) — pressureTensor 3body(3)

-dXa(l)*dza(l)* dvdRa -dXb(l)* dzb(l)* dVdRb -dXc(l)* dZc(l)* dVdRc
pressureTensor 3body(4) = pressureTensor 3body(4)

-dYa(l)*dYa(l)*dVdRa -dYb(I)* dYb(l)*dVdRb -dYc(l)*dYc(l)* dVdRc
pressureTensor3body(5) — pressureTensor 3body(5)

-dYa(l)*dza(l)* dvVdRa -dYb(l)*dzb(l)* dvdRb -dYc(l)* dZc(l)* dVdRc
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pressureTensor 3body(6) — pressureTensor 3body(6)
-dza(l)*dza(l)* dvdRa -dzb(l)* dzb(l)* dvdRb -dZc(l)* dZc(l)* dVdRc
/I Cdculation of the 3body energy.
total 3BodyEnergy - total 3BodyEner gy+ nonAdditiveCoef* (1.0/(d3c()* d3b(l)*d3a(l))

+(3.0* (d2c(1)+ d2b(1) -d2a(l))* (d2c(1)-d2b(l)+ d2a(l))
* (-d2c(1)+d2b(1)+d2a(1))/(8.* d5c(l)* d5b(l)* d5a(l)) ))

end | loop

To check the vdidity of the previous cdculations it is worthwhile to verify the
relationship:

3b
3s/tot _ %(Pxib +P® pzszb) (A2.21)

which holds snce the Axilrod-Tdler potentid is a homogenous function of degree -9in
the variables ry,ry andr; [Ba7l]. We did this test to check our program, and Eq.
(A2.21) turned out to be verified.

Using a NEC SX-4 supercomputer we found that this dgorithm used for molecular
dynamics smulations with 500 particles makes the progran 10 times fager than a

program using normd triple-loops.



