Chapter 5

Diffusion in Shear and

Extensional flows

5.1 Intro duction

Di usion itself is important in many di erent contexts, whether it be dif-
fusion of electronsand holesin semiconductors[See04 Kit96 ], di usion in
biological systems[Wei96] or eddy di usion in the cortext of turbulent uids

[Fri95]. As we have already seenin Chapter 2 di usion is a key processn the
understanding of polymeric liquids. In Chapter 4 we compared FENE and
FJC models of chain moleculesand showed that in many respectsthey were
very similar. Thus in this chapter we are in a position to focus on di usion

of the moleculesin planar shearand extensional o ws without much refer-
enceto the type of molecule.In studying the self-di usion we obtain along
the way velocity autocorrelation functions which alone give important and
interesting information about the dynamics of moleculesin polymer melts.
We begin this chapter by discussingthe conceptof di usion in the context
of equilibrium liquids. We are able to introduce three of the key statisti-

cal medanical expressiondor the di usion coe cien ts at equilibrium; these

are the Einstein relation expressingthe di usion coe cient in terms of the
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Chapter 5. Diffusion in Shear and Extensional flows

mean-squareddisplacemen of molecules[Ein05], the Sutherland-Einstein
formula [Sut05, Ein05, Pai82, Dup06] relating viscosity to di usion and the
Green-Kubo relations for di usion [Eva9]]. In introducing the Green-Kubo
relations we review the use and interpretation of correlation functions. Fol-
lowing this we describe how the previous expressionsfor equilibrium dif-
fusion coe cien ts have beengeneralisedto uids undergoing homogeneous
ows. The implementation of theseexpressionsn NEMD simulations is then
introduced, and we validate our simulations against results from previous
simulations. Finally we present our simulations, results, analysis and our

conclusions.

5.2 The diusion equation: A macroscopic descrip-

tion of diusion

In uids of multiple speciesthe di usion of the concenration of onespecies
is known as mutual di usion. The ux of one speciesis found to be propor-
tional to the gradient of the concenration of that speciesp(r,t) and is along
the direction of steepest decreasein conceriration. Mathematically this is
written as

i(r,t) = =DVp(r,1). (5.1)

This relation is known as Fick's law [Fic55], and was basedon the similar
equation for heat ux of Fourier [Fou78(2.8). In Chapter 2 we introduced
the equation for the consenation of mass

Op(r,t) _

5 —V - j(r, ). (5.2)
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Substitution of Fick's law into the equation for consenation of massgives

the di usion equation,

Ip(r,t) _
e DV?p(r, t). (5.3)

From the point of view of thermodynamics and statistical medanics we
know that we can expressthis in terms of the chemical potential [DE86].
We know that for a bulk uid after sometime an inhomogeneoussystem
will dispersesothat the density of the systemwill on averagebe constart;
at this point the concerration gradient and thusthe ux becomezero. This

phenomenonis summarisedin the secondlaw of thermodynamics.

Diffusion equation with streaming velocity

For the systemsthat interest us here, there is an additional ux due to
the streaming velocity in the uid. The ux becomesa conbination of the

streaming ux js and a diusiv e ux jp

j(r,t) = Js+jp (5.4)

p(r,t)u(r,t) — D - Vp(r,t).

Here we have assumedthat the di usiv e ux hasan anisotropic form. Sub-
stitution of (5.4) into the equation for consenation of mass(5.1) givesthe

corvective di usion equation

If the ow is incompressible(i.e. V -u = 0) then the left hand side of

this equation can be written in terms of the streaming derivative which we
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introducedin Section2.2

Dp _
o7 = V(D V). (5.6)

We interpret (5.6) to meanthat if a particular uid elemert is followed along
the streamlinesthen the rate of change of the density within this volume is
equal to the diusiv eterm V- (D - Vp).

For systemscloseto equilibrium the nature of the di usion tensor D is
governed by Curie's principle. Curie's principle is a very general statemert
about the symmetries of physical laws. Applied to nonequilibrium thermo-
dynamics [dGM84], it has the consequencehat closeto equilibrium ther-
modynamic forcesand uxes with dierent tensorial rank do not couple.
Thus, closeto equilibrium the di usiv e ux, which is a tensorwith rank one
(i.e. a vector) does not couple to the strain rate tensor, which is a tensor
with rank two. It is thus expected that for small strain rates the di usion
coe cien t will remain constart. In addition the di usion tensor will remain
isotropic with D = DI. Howewer, further from equilibrium the argumerts
[dGM84, EM90] which allow Curie's principle to be applied to thermody-
namic forcesand uxes break down and it is expected that the di usion
tensor becomesanisotropic. The anisotropic nature of the di usion tensor
under ow has beenstudied using NEMD simulation techniques by seeral
authors [CWEF91, SEC91,SEB92,SDE93 BC95, M0o099 MCCCO00] and it
is the key aim of this chapter to signi cantly add to the breadth of these

investigations.

5.3 Microscopic description of diusion

The relationship between kinetic motion of moleculesor Brownian parti-
clesin a uid and the diusion equation was initially elucidated through

the theory of molecular motion of Einstein [Ein05] (and independertly and
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beforehand by Sutherland [Sut05]). Subsequen work has included that of
Langevin, Smolukowski, and courtless later authors. A detailed accourt of
these works and their subtleties is beyond the scope of this thesis. Longer
reviews are found in Duplantier [Dup06] and Mazo [Maz0Z while concise
reviews can be found in [HMO05, Gal99]. We briey discussthe Langevin
equation which wasintroducedin Chapter 2 in relation to the Rousemodel.
This equation is a stochastic di erential equation expressingthe force on a
particle asthe sum of a viscous damping force and a random force which
models the collision with surrounding solvent particles. The equation is,

PO < e + F (D, (5.7)

m

where v(t) is the velocity of the particle, ¢ is the friction coe cient on the
particle, m is the massof the particle and F(t)("a%) is a random force on
the particle known as an Ornstein-Uhlenbed process.From the Langevin
equation a closed-formexpressioncan be found for the transition probability
P(0,0lr,t) that a particle initially at the origin is within the volume r3
around the position r at time ¢ (seefor example Section 1.5 of Kub o et al.
[KTH90]). For times su cien tly greaterthan the relaxation time 1/¢ this is
then related to the solution of the di usion equation with an initial point-
sourceand an identi cation can be made between the di usion coe cien t
and a simple expressioninvolving the friction coe cient ¢ in (5.7). This

relationship is,
D= kg T _ ks T
m( 6ran

(5.8)

The secondequality usesthe Stokes'expressionm( = 6man for the drag force
on a sphereof radius « in a liquid with viscosity 7. The relation (5.8) is the
Sutherland-Einstein relation [Pai82] (most literature refersto this asjust the
Einstein relation). This relation wasthe rst exampleto befound of the more

general uctuation-dissipation theorem [KTH90, Kub86]. In Chapter 2 we
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noted that the Rousemodel predicts the relation Dg = ",\E;—T for chains with
N beadsper molecule.While the Langevin "'model' for Brownian motion can
be shavn to lead to the Sutherland-Einstein relation it has the de ciency
that it is not baseddirectly on a phase-spacealescription of the system. This
connectionis made through the generalisedLangevin equation which hasa
history dependert friction coe cien t and the projection operator technique
of Mori and Zwanzig. The derivation of a generalisedLangevin equation for
systemsout of equilibrium and subject to a Gaussianthermostat has been
performed by McPhie et al. [MDS™ 01]. Investigations of the properties of
the friction tensor which arisesin this casehave not asyet beencarried out
(we note that the work of McPhie et al. [MDS* 01] seemsto preser the
nucleusof a molecular derivation of somerecen results on the violation of
the uctuation dissipation theorem for systemsout of equilibrium [BSL* 07,
Sza0j).

5.4 Correlation functions and the Green-Kub o cal-

culation of diusion

Correlation functions are particularly important in statistical physics be-
causethey give a wealth of information about the dynamics and structure
of a system[HM92, Gol92, BP0O, EM90]. Commonly usedcorrelation func-
tions include the radial distribution function, the shear stress autocorre-
lation function [EM90] and the example we usein this work: the velocity
autocorrelation function [HM92]. The correlation functions also gain added
signi cance due to their connectionto the transport coe cien ts of a system
expressedn the Green-Kubo relations [EM90].

The usual meaning given to correlation functions is that they give a
measureof how much one variable depends on another. If we were exam-

ining a dynamical system with few degreesof freedom we may chooseto
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look directly at the actual trajectory of the system through phase space,
projecting out two coordinates or variables of the systemto seehow one
dependson another. However in the many-body systemsthat we considerin
this work the large dimension of phasespacefollowing a trajectory is rather
prohibitiv e. Correlation functions play a role betweenthose of trajectories
and the macroscopicquartities, providing very useful averagedinformation

but not all detail.

Linear regression and covariance

Tointerpret the correlation functions we summarisethe calculation of aleast
squares t and introduce the covariance. Consider a set of n data points
{(z1,v1),-..,(zn,yn)}. TO Nnd aleastsquarest to thesedata y = a+ bz,
the quantity ¢2 = P (yi — (a+ bxi))? is minimised and the coe cien ts b and

a are found to be,

p = @y — @)y _ (@ — @)y — ) _ Cov(z,y)

(2?) = (2)? ((z = (2))?) Var(z)

(5.9)

a = (y) —bz)

Here we useangled brackets to denotethe averageover the data set. We

have also de ned the variance Var(z) = ((z — (x))?) and the covariance

Cov(z,y) = {(z — (x))(y — (¥)))- (5.10)

If we consider seeral sets of data where the average of both x and y are
zero, and the variance is the samefor all setsof data, then the covariance
Cov(z,y) = (zy) determinesthe slope of the best t. Returning to the sum

of the squares¢?, if we de ne (£2) = ¢2/n then this can be shawn to have

140



Chapter 5. Diffusion in Shear and Extensional flows

the following relationship,

2 2

vfrgy) =1- vio(ngfﬁ(y) =1-r% (.11)

The left hand side can beinterpreted asthe fraction of the variancein y not

accourted for by the linear t. r? is the squareof the correlation coe cien t

and is the fraction of the variancein y that is taken account of by the linear
t.

The regressioncoe cien t for the samecalculation is alsodirectly related

to the covariance

e ) Coew) o
(@) = @A - WD Var@Ver@)

It can be shown that the correlation coe cien t only takes values between
-1 and 1. |r| = 1 meansthat the data have an exact linear t, while »r = 0
meansthat the data are not linear. From the above analysis we seethat
the quartities neededto determine linear regressionof data are the average
value of variables, the variance and the covariance.

For a Gaussiandistribution of multiple variablesthe collection of covari-
ancesbetweenthe di erent variables has particular signi cance, astogether
with the variancesthey constitute the complete set of parameters for the

distribution [JP03, DE86, Fri95].

5.4.1 Correlation functions

The correlation functions we discussin this thesis are de ned asthe covari-
ance of a variable A(t) at time ¢ with another variable B(t) at the initial
time O,

Cas () = (A()B(0)). (5.13)
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If A(t) and B(t) are both the same phase variable, then the correlation
function is known asan autocorrelation function. Thesefunctions have many
signi cant usesin equilibrium and nonequilibrium statistical medanics. The
primary examplein the NEMD literature is the shearstressautocorrelation
function,

Csr:(1) = (Bey (1) By (0)). (5.14)

This correlation function has been used together with the time-transient
correlation function technique (TTCF) for the accurate calculation of the
zero strain-rate viscosity. Another correlation function we shall considerin

more detail in the next sectionis the velocity autocorrelation function

Cuel:(t) = (v(?) - v(0)). (5.15)

An example of the velocity autocorrelation function is preseried in Fig.
5.1.atogether with someexampleplots of v(t) againstv(0) for di erent times
t. This gure illustrates the relationship betweenthe correlation function and
the coe cien t of least-squarest calculations, which was explained in the

previous section.

5.4.2 Deriv ation of the Green-Kub o0 expression

Here we summarisethe derivation of the Green-Kubo formula for the di u-

siontensor. The methods usedherestart with the instantaneousmicroscopic
represertation of uxes. Evans[Eva9]] showved explicitly how a Green-Kubo
relation for the thermal diusion tensor could be calculated for the isoen-
ergetic ensenble under shear o w and notesthat equivalent argumerts can
be usedto give the Green-Kubo expressionfor the di usion tensor. Here we
give details of such a derivation for the di usion tensorin an arbitrary ow
for the isokinetic ensenble { the ensenble usedthroughout this work. The

later part of this derivation follows that of Evans [Eva9]] and is similar to
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Figure 5.1: An explanation of correlation functions. Panel (a) shonvs atypical
velocity autocorrelation function Cyy (t). Panels (b)-(e) plot the peculiar
velocity vy (t) vs. vk (0) for atomsin the systemand at times ¢ corresponding
to the points in panel (a). We have alsoplotted the least-squarest (straight
line) to the data in (b)-(e). The slope of this t corresppndsto Cyy (t) at the
speci ed time.
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the derivation of the mutual di usion tensorin Sarman et al. [SEB92Z, but
to our knowledge has not beenpublished elsewherein the literature.

We usethe Lagrangian coordinate qj (t) for atom j at time ¢. This coor-
dinate is the componert of the displacemen of an atom due to its peculiar
(i.e. thermal) velocity and is thus given by the integral

14t
qi(t) = i pi (1%di%% ri(0) = qi(t) + ri(0). (5.16)

The tracer density is the function G(q,t) which givesthe density (or frac-
tion) of atoms which have displacemen q due to diusion at time ¢. This

can be written as,

X
Gla,t) = Gj(®)d(a—q;(1), (5.17)
i
where Gij (t) is the number cortent of particle j. One can think of (5.17) as
the density at a particular displacemen of tagged atoms or tracer atoms in
the uid, thusthe name tracer density.

The Fourier transform of the tracer density is,

X .
Gk,t)y=  Gj)eka®, (5.18)
j

We de ne the tracer ux density as,

p; (1)

X
boan=" GO

i

o(q —qj (1))- (5.19)
The Fourier transform of this ux is similar to (5.18) and is given by,
X . ,
b= G (t)pJT(_t)e'k 9 (1), (5.20)
i i
i

Both (5.18) and (5.20) can be usedto shaw directly that the Lagrangian
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density and ux obey the Fourier transform of the consenation of mass
equation

d

%é(k,t) = ik - Ip (k). (5.21)

In real-spacethis equation is

dG(q,t) _

—Vq-J(q,t 5.22
dt Vq (q7 )7 ( )

wherethe divergenceon the right hand sideis with respectto the Lagrangian
coordinate q.

The generalisedform of Fick's law that we usefor the tracer ux is

Z 1 Z
Jo(a,t) = — . d3q° . dsD q—q%t—s -VG(q®s), (5.23)

In (k,w)-spacethe convolution 5.23 becomes,
N N N
Jo (k,w) = —D(k,w) - ikG(k,w). (5.24)
The Fourier-Laplace transform of (5.21) is
N N N
iwG(k,w) — G(k,0) = k- D(k,w) - kG(k, w). (5.25)

Multiplying both sidesof (5.25) by G(—k,0) and then averaging over the

steady-state, denoted by the angled brackets (.. .)s., we de ne
Ok, 1) = (G(k, ) G(~k, 0))st (5.26)

and obtain

C(k,0)

Clk,w) = x .
iw—k-D(k,w) -k

(5.27)

We also de ne ,
o
ok, t) = —ﬁé(k, t) (5.28)
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and by using the identity %CAB (t) = Cpg (t) = —C,gz(t) and (5.21) we get,
¢(k,t) = +kk :(Jp (k,1)Jp (—k,0)st:- (5.29)
Taking the Fourier-Laplace transform (LF{...}) of (5.28) we get,
N N
ok, w) = —w?C(k,w) — iwl(k,0). (5.30)

Eliminating 6’(k,w) between (5.30) and (5.27) we get,

LF{(Jp (k,t)Ip (—k,0))st }
1+ ©LF{(Jp (k1) Ip (~k,0))st }

D(k,w) = (5.31)
Taking the limit k — O the secondterm in the denominator of this equation

vanishesso that,

D= lim dte " Y(Jp(0,1)Jp (0,0))st (5.32)

substituting (5.20) for Jp we get,

Z.,
D= 2 dipi()pi(0))- (5.33)
0

This is the Green-Kubo formula for the di usion tensor.

Diffusion coefficient from mean squared displacement

We are now in a position to calculate the di usion tensor D from the mean
squared displacemen of molecules(or atoms). We rst note that the im-
proper integral in (5.33) is the limit,

14t
D= lim —  dt%;(9pi(0)). (5.34)
I+ m 0
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Combining this expressionwith the de nition of the Lagrangian coordinate
of a molecule(5.16) we obtain the following mean-squareddisplacemer for-
mulae. For diagonal componerts of the di usion tensor we obtain (following
[EMOQ)),

1% 1 2
— i 0/0) _ = i 0/ .
D= Jim 5 A (pi (0)) = lim — o A% (Op (t9)
Dy E 44D JE
= t!“I;nl T qi (t) = t!|II;n1 é% qi (t) . (535)

For o -diagonal componerts o # 3 only part of the previous calculation can

be repeated,

Z, z,
b - t!“c—nl m2 0 dt0<pi (t%pi ©)) = u"Tl % 0 dt0<pi (D)pi (t%
D, E
oy pIT(t) a (t) - (5.36)

The derivative of ¢; (t) ¢ (¢t) hastwo unequalterms and thus,

. d _ Di Di
Jim = Ca @ g @)= im =g+ (5.37)

This hasthe consequencehat for o -diagonal componerts of the di usion
tensor mean-squareddisplacemer relations only exist for the combination
D + D . Combining the nal result in (5.36) with (5.37) we obtain,

D +D =t!|iTl% gi (1) qi() . (5.38)

Making the assumptionthat the mean-squareddisplacemert is linear in the
long time limit we arrive at the following relations for componerts of the

di usion tensor

D E
(D +D )t= ¢ @) a @) for aZp (5.39)
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and
D E

2D t= g (t) ¢ (t) for a=p. (5.40)
These relations are referred to as the mean-squareddisplacemen (MSD)
relations. In this chapter we mainly usethe MSD to calculate the elemeris
of the di usion tensor. We useresults from the Green-Kubo relation (5.33)

as a separatetest.

5.5 Review of previous simulations

5.5.1 Equilibrium simulations

The calculation of velocity autocorrelation functions and di usion coe -
ciernts were someof the rst applications of molecular dynamics simulation
techniques and a review of these early works particularly for atomic sys-
tems can be found in Hansenand McDonald [HM92]. In the caseof systems
of linear moleculesone of the main aims has beenthe investigation of the
dierent regimesof di usion predicted by the theoretical models which we
preseried in Chapter 2. Theseworks include the in uen tial paper of Kremer
and Grest [KG90Q] which preseried extensive molecular dynamics simulations
of concerrated systemsof linear moleculessimilar to the FENE model with
chain lengths between N = 5 and N = 400. These authors were interested
in observingreptation dynamics within thesesystems.They calculated cor-
relation functions of the Rousemodesand obsened a transition betweenthe
Rouseand reptation regimeswith the increaseof the molecular length.
Sevweral authors have usedspeci ¢ molecular potentials to model hydro-
carbons with more chemical detail. Paul and coworkers [PSY97, PSYF98]
have simulated systemsof n — C100H>202, including in their investigation the
autocorrelation functions for the Rouse modes and self-di usion compar-
ing their results with neutron scattering data. Harmandaris et al. [HMT98,

HMT * 02, HDMTO02 , HAMTO2 ] have calculatedthe self-di usion of molecules
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at equilibrium investigating a range of molecular potentials. In [HDMTO02]
it was found that the coe cient b in the relation D = aMP®, with M the
molecular mass, had signi cant dependenceon the temperature of the sys-
tem. Comparing liquid systemsof short chain moleculesin [HMT98] with
the Rousemodel, it was found that the friction coe cient ¢ for the Rouse
model only becameindependert of the chain length for moleculeswith Cego

and greater.

5.5.2 Nonequilibrium  simulations

While the emphasisin studies of di usion at equilibrium hasturned toward
e ect of molecular detall, in the caseof nonequilibrium systems,the scope
of investigation has thus far remained quite narrow. A seriesof papers in-
tro duced the methods for calculating the di usion tensor in systemsunder
homogeneouso ws. Cummings et al. [CWEF91] usedthe MSD and Green-
Kub o type method to calculate the di usion tensorin systemsof Lennard-
Jonesatoms at equilibrium and under PCF. They alsouseda colour conduc-
tivit y algorithm, howewer, it waslater found [BEC93] that this algorithm was
unsuitable for systemsfar from equilibrium. Sarman et ol. [SEC91]commen
on this work, providing a full solution to the corvective di usion equation

under PCF with the di usion tensor,

0 1
D= % Dy Dy O E (5.41)
0 0 Dy

Calculations of the mutual diusion coe cient at equilibrium and under
PCF were performed by Sarman et al. [SEB9Z.

In relation to the work of this thesis, a key investigation was preseried
by Sarman, Daivis and Evans [SDE93. Theseauthors simulated systemsof

rod-like moleculesunder PCF and calculated both the correlation functions
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and the di usion coe cien ts. From their analysis they were able to relate
the alignment of the moleculesunder PCF to the obsened behaviour of
velocity correlation functions and all elemens of the diusion tensor. In
relation to extensional ows, Baranyai and Cummings preseried an initial
investigation of the velocity correlation functions and di usion in atomic
systemsat equilibrium, under PCF and PEF aswell astwo other extensional
ows, UEF and BEF (seeour Fig. 2.1 on page 13).

In relation to concerrated systems of chain molecules, Moore et al.
[MCCCO00, Mo099 have preseried results for the diagonal componerts of
the di usion tensor for systemsof polyethylene C'190H202 under PCF. These
results were calculated using the MSD method.

Almost all of the papersmentioned herehave beenusedto test our simu-
lations either quartitativ ely or qualitativ ely and in many casesour analysis
is related to the results of these works. A motivating factor for our work
is the lack of analysisin the literature of di usiv e properties under ow of
systemswith a range of molecular weights. Our work also represerns the

rst NEMD study of the di usion of moleculesunder an extensional o w.

5.6 Simulation details

The correlation functions, meansquareddisplacemen and subsequetly the
di usion coe cient were calculated during the simulations which have al-
ready beendescribedin Section4.3. Here we summarisethe practical aspects
of thesesimulations which relate to the properties of interest in this chapter.

The correlation functions were calculated e cien tly using a shift register
algorithm [AT87]. Howewer, the correlation functions were not usedfor the
calculation of the di usion tensorasoneof the disadvantagesof the GK-type
calculation is the requiremert for the upper limit of the integration to be
very large. The memory requiremenrts for sud a calculation were too large

for this to befeasible. Thus, we usedthe correlation functions solely for the
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analysis of the dynamics and utilised the MSD method for the calculation
of the di usion tensor.

To facilitate the calculation of the momerts (¢ (t)q (t)), the Lagrangian
coordinates of the molecular certres of mass,q;(t), were calculated by inte-
grating the auxiliary equationsof motion q;(¢t) = pj(t) usingthe fourth order
Gear predictor corrector algorithm, aswe usedto calculate the peculiar mo-
menta and laboratory positions. The initial conditions for theseequationsof
motion wereq;(0) = 0. The instantaneousaverageof ¢ (t)q (t) over the sys-
tem of moleculeswas calculated every 100 time-steps. At ¢ = ty sp aleast
squarescalculation was performed to obtain the coe cien ts, of the re-
lation {(q (t)q (t)) = t + c. At this point the Lagrangian coordinates
wereresetto zeroand accunulation for the next calculation initiated. This
was repeated seweral times over the courseof a simulation and an average
value calculated for Dy, Dyy, D, and, in the caseof PCF, the combination
Dyy + Dyx. We also tested that the other o -diagonal componerts of D
were zero. For 2, 4, 10, 20 and 50-site systemswe used ¢ty sp = 400 and
simulated the systemsfrom at least four time origins. For 100-site systems
we usedty sp = 40000and simulated the systemfrom a single time origin.
To obtain accurate results for the di usion coe cien ts it was necessaryto
ensurethat the MSD was calculated at large enoughtimes for it to belinear.
The su ciency of the parameterswe usedis discussedin the next section.
Examples of the mean squareddisplacemen against time are shown in Fig.
5.5.

The corversion betweenreal units and the reducedunits is given for the

1=2
diusion coecient by D =D u—mz— . Further information about
LJ

the units has beengiven on page99.
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5.6.1 Validation of metho d
Tests of correlation functions GK method

To test the validity of the correlation function calculation we have com-
pared results with those from previous works. The rst comparison was
made with results of Cummings et al. [CWEF91]. These authors calculated
Dy , Dyy, D5, and the combination Dy, + Dyy for a system of LJ-atoms
at p = 0.844and T = 0.714. In Fig. 5.2 we have presened the diagonal
componerts of the velocity autocorrelation tensor at a strain rate v = 1.0.
The correlation functions appear to agreewith those showvn in [CWEF91]
(cf. Fig. 5). In particular we seethe minimum in C5(t) at approximately
t = 0.18, and we seea split betweenthe three componerts C'  (0), with the
xx componert a maximum and the zz componert a minimum. In Fig. 5.3
we have preserted a plot of the o -diagonal componerts of C' (t) i.e. Cyy (%)
and Cyx(t). Again these both have qualitative and quartitativ e agreemen
with the corresponding result in Fig. 6 of [CWEF91]. The peaks around
t = 0.1 have the samemagnitude, and the split between Cyy (t) and Cyx(t)
is the sameasthat seenin the reference.We alsonote that the minima both
corvergeto a value Cyy (0) = Cyx(0) = —0.1. By collecting correlation func-
tion data over a longer simulation than Cummings et al. we have beenable
to producetwo correlation functions which display lessnoise.At equilibrium
we calculate the di usion coe cien t by integrating (v(¢) - v(0)) and obtain
D = 0.027(1) which is in agreemem within error bars to Cummings et al.
D = 0.028. We have made this calculation by rst simulating a system at
equilibrium, then from the nal equilibrated system we have simulated the
systemat a strain rate of y = 0.1 for at least 1 x 10° time steps (equivalert
to areducedtime of ¢ = 100). We performed ten consecutive simulations of
the systemat the samestrain rate to ensurethat a steady state wasreaded.

We have also compared our results with those of Baranyai and Cum-
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mings [BC95] where they simulated systemsunder PCF, PEF and UEF.
Their systemsconsistedof WCA atomsat 7'= 0.722and p = 0.8442.They
simulated thesesystemsonly at e = v= 0.5and e = v = 1.0, In Fig. 5.4 we
have preserted our calculation of the VACF componerts for PEF and found
that this isin excellert agreemen with Fig. 2 of [BC95]. We alsofound that
the VACFs for PCF werein agreemen

We are now in a position to calculate the di usion coe cien ts and veloc-
ity autocorrelation functions for molecular systems.We are able to compare
the results from Sarman et ol. [SDE93, who have calculated the di usion of
molecular certres of mass. This calculation usesthe samealgorithm asthe
onewe have usedhere. It is a simple changeof variable betweencalculations
for atomic and molecular systemswhen the molecular SLLOD algorithm is

used.
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Simulation and work Dy Dyy D,

Baranyai and Cummings

equilibrium () 0.051(2) 0.051(2) 0.051(2)
gk 0.042(1) 0.042(1) 0.043(1)
msd 0.042(1) 0.043(1) 0.043(1)
shear0.5 () 0.064(2) 0.053(2) 0.054(2)
gk 0.057(1) 0.054(1) 0.051(1)
msd 0.057(2) 0.056(1) 0.051(1)
shear1.0 () 0.066(2) 0.059(2) 0.055(2)
gk 0.063(1) 0.060(1) 0.053(1)
msd 0.063(2) 0.061(1) 0.054(1)
elong 0.5 () 0.063(2) 0.065(2) 0.056(2)
gk 0.062(1) 0.064(1) 0.055(1)
msd 0.0604(8) 0.061(1) 0.057(2)
elong 1.0 (x) 0.060(2) 0.062(2) 0.051(2)
gk 0.060(1) 0.061(1) 0.055(1)
msd 0.054(5) 0.062(1) 0.0538(8)

Sarman et al.

equilibrium (%) 0.031(2) 0.031(2) 0.031(2)
gk 0.031(1) 0.031(1) 0.031(1)
msd - - -
shear0.5 (x) 0.052(2) 0.051(2) 0.043(2)
gk 0.052(1) 0.051(1) 0.045(1)
msd - - -
shear1.0 (x) 0.0626(6) 0.0578(6) 0.0502(6)
gk 0.0620(7) 0.0583(7) 0.0509(7)
msd - - -

Table 5.1: Table comparing di usion coe cien t results from simulations in
this work with the results of Baranyai and Cummings [BC95] and results
of Sarman et al. [SEB9Z. Rows with results from citations have a star (x),
the remaining rows are results from our simulations; rows gk usethe Green-
Kubo type expressionand rows msd use the mean-squareddisplacemern
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Tests of mean squared displacement calculation

We have tested the accuracyof the MSD calculation in seeral ways: Firstly
we have compareddi usion coe cien t results with the results of other au-
thors and have also compared the results of MSD calculations with those
obtained through the GK-type calculation. In addition we have tested that
the range ¢ty sp of the MSD calculation was su cien t. This was accom-
plished by testing that the results for the di usion coe cient did not alter
signi cantly when ¢ty sp wasincreased.

To test the length of the MSD calculation we compared the results of
the shorter production simulations with results from somelonger test simu-
lations to shaw that increasingthe length of production simulations would
not signi cantly a ect the results. Thesetests wereperformedjust on FENE
molecules.

In Fig. 5.5 we have plotted the mean squareddisplacemen versustime
for the di erent moleculelengths. A linear leastsquarest hasbeenincluded
in the plot. It can be seenthat there is little variation from the least squares
t notably at long times. This shows that the mean squared displacemen
here was calculated over a su cien tly long time to give accurate results.

Table 5.2 lists the results that were obtained from thesesimulations and
comparesthem with the results from the production simulations. The table
alsolists the length of the simulation that producedit. The di usion results
listed herefrom the production simulations comefrom calculationsthat have
a maximum length of t = 4000(in reducedunits).

Next we have comparedthe N dependenceof the equilibrium di usion
coe cien t with results calculated by Kremer and Grest [KG9Q]. Plotting D
against N on a log-log scalewe expect that there will be a linear relationship
between the two variables indicating that D = «aN . Fig. 5.7 shows this
comparison.The data herewerelisted already in Table 5.2. The parameters

for the two ts are listed in Table 5.4.
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Figure 5.2: The velocity autocorrelation functions Cyx (¢) (full line), Cyy(t)
(dashed line), C;(t) (dot-dash line), for a Lennard Jones uid with p =
0.844and T = 0.714,under PCF with v = 1.0. This can be comparedwith
Fig. 5in [CWEF91].
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Figure 5.3: The velocity correlation functions Cyy(t) (full line), Cyx(t)
(dashedline), for a Lennard Jones uid with p = 0.844 and 7' = 0.714,
under planar Couette ow with v = 1.0. This can be comparedwith Fig. 6
in [CWEF91].
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Figure 5.4: The velocity autocorrelation functions Cyx(t) (dashed line),
Cyy(t) (dotted line), C5,(t) (dot-dash line) for a Lennard Jones uid with
p= 0.844and T = 0.714, under PEF with ¢ = 1.0, while the velocity auto-
correlation function C'(¢) for the samesystemat equilibrium is given by the
full line. This can be comparedwith Fig. 2 in [BC95].

157



Chapter 5. Diffusion in Shear and Extensional flows

Molecule Test length D-Test D-Production
2-site 4400 45(2)x10? 41(2)x10°?
4-site 4000 26(2) x10 2 2.36(8) x 10 2
10-site 6000 1.10(3) x 10 2 9.3(3) x 10 3
20-site 8000 51(1) x10 3 4.8(2) x 10 3
50-site 12400 1.50(4)x 10 ® 1.7(1)x 10 8
100-site 54000 4.0(6) x 10 4 -

Table 5.2: Comparison of the di usion coe cien ts calculated from the test
simulations and production simulations. The test length is the maximum
time in the plot of mean squareddisplacemett.

The method for calculating the diusion via the Green-Kubo method
relies on having a correlation function that tends to zero as the time in-
creases.ndeed the correlation function needsto be integrable. In Fig. 5.6
we have plotted the integral R(;CXX (t)dt againstt. In the gure we seethat
for the short moleculesthe integral reaches a long time limit. Howewer for
the 20-site system we seethat the integral is still corverging at ¢t ~ 60.
It is expected that for the longer molecules,i.e. 50-site and 100-site, the
corvergencewill be slower. Extending the correlation function would have
exceededthe memory allocations we had and so we decidedto usejust the

MSD results for the calculation of the di usion coe cien t.

system D MSD D GK
2-site 0.041(5) 0.038(2)
4-site 0.027(3) 0.023(2)
10-site  0.0103(7) 0.0092(6)
20-site 0.0059(7) 0.0050(3)

Table 5.3: Comparisonof MSD and GK-type calculations of the equilibrium
di usion coe cien t.
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Figure 5.5: Comparisonof the meansquareddisplacemen for systemsof dif-
ferert length moleculesat equilibrium. We plot here the mean squareddis-
placemert together with the linear leastsquarest to the data. The symbols
correspond to 2-site systems(circles), 4-site systems(squares), 10-site sys-
tems (diamonds), 20-site systems(triangles-up), 50-site systems(triangles-
left).
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Figure 5.6: Example of the integral of the Cyx (t) velocity autocorrelation
functions in equilibrium for FENE molecules:2-site (circles), 4-site (squares),
10-site (diamonds), 20-site (triangles-up)

5.7 Diusion results

In this section we describe the results for the componerts of the di usion
tensor. We rst discussresults at equilibrium for both FENE and FJC sys-
tems, we then present and discussresults for the di usion tensor and the
velocity autocorrelation function of molecular systemsunder both PCF and

PEF.

Equilibrium

Di usion coe cien t results for equilibrium systemsare plotted in Fig. 5.7.
It is seenthat, as for all previous properties discussed,there is little sys-
tematic di erence betweenthe results for FENE and FJC molecules.The
relationship betweenthe di usion coe cien t and the molecular weight was
discussedin Chapter 2 (seein particular Table 2.1). We have calculated a
least-squarest to this data with the power law D = aNs. The results for

this calculation using di erent groups of moleculesis presened in Table 5.4
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and is plotted together with the data in Fig. 5.7.

Molecules included «o/Ng

2-site to 100-site 0.17(2)Ns 1:226(6)
20-siteto 100-site 0.53(5)Ns 1:55(1)
50-siteto 100-site 1.9(2)Ns 1:85(4)

Table 5.4: Comparison of the di usion coe cien ts calculated from the test
simulations and production simulations. The test length is the maximum
time in Fig. 5.5 plot of mean squareddisplacemer.

It is seenfrom these data that the exponert 5 decreaseswhen only
longer moleculesare included in the calculation. The inclusion of all molec-
ular weights gives an exponert g = —1.226(6) which is closeto the value
0 = —1 predicted by the Rousemodel. Inclusion of only 50-site and 100-site
moleculesin the calculation gives an exponent § = —1.85(4) which ap-
proachesthe prediction of 5 = —2.0 made for the reptation model. Noting
that Kroger and Hess[KHOO] found from viscosity data that transition to
the reptation regime occurred at Ns = 100 for this FENE model, it would
be necessaryto simulate systemsabove this molecular weight to obsene the

reptation behaviour in the di usion coe cien t.

Mbolecular systems out of equilibrium

In Fig. 5.8 we plot the scalardi usion coe cient D for steady state PCF of
all systems.We seethat asthe chain length increaseshe di usion coe cien t
becomessmaller. We also seethat for IT in the range 1 x 10 ® — 1 x 10 3
the di usion coe cien t shaws very little systematic variation exceptfor 50-
site and 100-sitesystemswhere signi cant changein the di usion coe cien t
occurs at lower strain rates. For IT larger than 1 x 10 3 the di usion coe -

ciernt beginsto increase.For PEF the results are shown in Fig. 5.9, wherewe
seethat the di usion coe cient hasa larger increasewith strain rate than

is obsened under PCF. As an example, for 50-site chains under PEF the
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Figure 5.7: Dependenceof the equilibrium diusion coecient D on the
molecule length Ns. The open symbols are data from the production sim-
ulations while closedsymbols are from longer test simulations. The dashed
line gives a least squarespower-law t for 2-site to 100-site data. The full
line is the sametype of t to just the 20-siteto 100-sitedata. The dash-dot
lineisa t to the 50-site and 100-site data.
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di usion coe cien t increasesby a factor of 10 over the range I = 1 x 10 °
to 2 x 10 # while for PCF over a larger range (I = 1 x 10 ® to 1 x 10 ?)
there is just an increaseby a factor of 6. As expected, for weak elds PCF
and PEF results corvergeto the sameequilibrium values. We also seethat
there is very little variation betweenthe di usion coe cien ts for FENE and
FJC molecules.

The scalar diusion coecient D is the trace of the diusion tensor,
therefore we analysethe behaviour of D by examining the diagonal compo-
nerts of the diusion tensor. The componerts Dy, Dyy and D,, are pre-
serted in Figs. 5.10,5.11 and 5.12 respectively for PCF and in Figs. 5.14,
5.15 and 5.16 respectively for PEF. The trends in the data for PEF are
clearer, and so we describe and analysethese rst.

For PEF we seethat the diusion coe cients Dyy and D,, behave in
a very similar way and have two regions of dependenceon II: for longer
moleculesat lower strain rates, Dyy and D, decreaseslightly with the strain
rate; at a critical strain rate a new behaviour is obsened in which thesetwo
di usion coe cien ts relate to II with a power-law D = AIl . The coef-
cients for this relation (A and ¢) have beencalculated using least-squares
and are preseried in Table 5.5. It is seenthat the exponert § has a weak
dependenceon molecular weight, increasingin value for longer molecules.
There is more variation with molecular weight for D,, than for Dyy. Com-
paring Figs. 5.15 and 5.16 with the order parameter S in Fig. 4.15 we see
that the power-law region in the diusion data corresponds to the region
where moleculesare aligned.

The componernt Dy, under PEF hasa marked di erence from the other
diagonal componerts. It is seenin Fig. 5.14that at low strain rates Dy has
avalue which is closeto that of Dy, and D,,. Howewer, at higher strain rates
Dy increasesto a maximum value and beginsto decreasewith strain rate.

The behaviour is most pronouncedfor 20, 50 and 100-site molecules,where
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NS Dyy DZZ

10 0.042(1)7%%™  0.0211(3)*13
20 0038 0.019(1)r*1EM
50 0.025(3)7%31  0.012(1)r%?5W
100 0.0166(4)7%322)  0.0112(2)r0:286(2)

Table 5.5: Power-law dependenceof the diusion coe cien ts Dyy and D,
on II under PEF in the aligned regime. These data are preserned in Figs.
5.15and 5.16, the calculation of the coe cien ts was made using the method
of least squares.

Dyx increasesabove the value for shorter molecules. Comparison with D,
Dyy and D;, shaws that Dyx makesthe largest cortribution to the scalar
di usion.

Under PCF the general behaviour of the diagonal di usion coe cien ts
is similar to the behaviour under PEF; Dyy is signi cantly larger and the
pair Dyy and D, are very similar to eath other. However, under PCF we
do not obsene the two regions of distinct behaviour for Dyy and D,,. It
is seenin Figs. 5.11 and 5.12 that for most systemsthese two componerts
begin at their equilibrium value and have only a small variation with strain
rate. The componert Dyy is seento decreaseslightly with strain rate, while
D;, increasesslightly. Comparing this behaviour with the order parameter
under PCF and PEF (Figs. 4.14and 4.15) the diminished alignment in PCF
adds further weight to our suggestionthat the systemswhere transverse
di usion is small correspond to systemswherethere is only a small amount
of alignmen.

It wasfound that the only non-zeroo -diagonal componerts of the di u-
siontensor werethe componerts Dy, and Dy, under PCF. The conbination
Dyy + Dyy was calculated using the MSD method and plotted in Fig. 5.13.
It is seenthat for shorter moleculesthe variation in this sum is greater.
Sarman et al. [SDE9J found for decanethat the componert Dy, becomes

negative at higher strain rates, thus a similar e ect most likely accouns for
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our obsenation that the sum Dyy + Dyy decreasesat higher strain rates.

Although we have not calculated the distribution of distancesbetween
the certres of massof the molecules,we are able to infer seeral properties of
this distribution from the alignment and end-to-end extension of molecules
which were preseried in the last chapter (Figs. 4.14and 4.12for PCF, Figs.
4.15and 4.13for PEF). This can then be related to the properties that we
have obsened hereof the di usion coe cien ts. Considering,for the momert,
a system of almost perfectly aligned linear molecules,it is clear that in a
plane normal to the direction of alignmert, the distancesbetweenthe certres
of massof chains are signi cantly smaller than in the sameplane when the
system is at equilibrium and the distribution of the end-to-end vectors of
moleculesis isotropic. The increaseof density in the plane normal to the
direction of alignmernt and the constart value of the overall number density
meansthat the distance between the certres of massof moleculesin the
direction of alignment becomegyreater. This changein structure of the liquid
is probably the key reason for the enhancemeh of D,y and suppression
of both Dyy and D,,. In the aligned systems, collisions of chains in the
fi, direction are lessfrequert than in the fiy and fi, directions due to the
geometry that we have described above. This leadsto the behaviour in the
di usion coe cien ts that we have described. Further evidenceand discussion
of these dynamics is found through the correlation functions in the next
section.

To the best of our knowledge the strain-rate dependert anisotropy of
the diusion tensor has not been explicitly incorporated into the type of
model for concerrrated systemsthat we preseried in Chapter 2. Reptation,
which is key to the Doi-Edwards model [DE86], provides anisotropic di u-
sion for individual moleculeswithin the con ning tub e, however, the overall
di usion of a chain is isotropic asthe chain endsorient with an isotropic dis-

tribution when they leave the tube. The Curtiss-Bird model [BCAH87] has
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two sourcesof anisotropic di usion: the rst is equivalert to the reptative
di usion of the Doi-Edwards model, the secondis the anisotropic Stokeslaw
which has anisotropy parameterisedby the link tension coe cien t . Bird et
al. [BCAH87] mertion that ¢ may be dependert on the strain-rate, howeer,
the model doesnot provided an ab initio method for calculating this strain
rate dependence.We note a recert work of Bruzzone and Malvaldi [BMO06]
where simulations were performed using the NAPLES code. These simula-
tions incorporate many of the recert additions made to the Doi-Edwards
model. Howewer, their analysisof the anisotropic di usion only makesrefer-
enceto the analysisby Hessand Rainwater [HR84] aswell as Katayama and
Terauti [KT96] of the convective di usion equation with the isotropic di u-

sion tensor DI. We believe that analysisusing the full solution of Sarman et

al. [SEC91]may have lead them to di erent conclusions.
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Figure 5.8: Di usion coe cient using mean squared displacemen for: 1-
site (cross (+)), 2-site (circle), 4-site (square), 10-site (diamond), 20-site
(triangle up), 50-site (triangle left), 100-site (triangle down). FENE have
closedsymbols, FJC data have open symbols. The systemsare under PCF.
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Figure 5.9: Di usion coe cien t using meansquareddisplacemen for: 1-site
(cross), 2-site (circle), 4-site (square), 10-site (diamond), 20-site (triangle
up), 50-site (triangle left), 100-site(triangle down). FENE have closedsym-
bols, FIJC data have open symbols. This plot has a logarithmic scaleon the
vertical axis. The systemswere under PEF.

5.8 Correlation function results

Here we describe the results for the velocity autocorrelation functions of
systemsunder PCF and PEF. We begin by describing the diagonal corre-
lation functions Cyx (t), Cyy(t) and C%,(t). Then for PCF we describe the
o -diagonal terms Cyy () and Cyx(t). Under extensional ow we have just
the diagonal terms to describe, as all o -diagonal terms for this ow are
identically zero.

In Figs. 5.17 through 5.22 the correlation functions are preseried for
2-site through 100-site systemsunder PCF. The left-hand panels show the
diagonal componerts Cj (¢), while the right-hand panels shawv the two o -

diagonal correlation functions (Cyy (t) and Cyx(t)). In Figs. 5.23 through
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Figure 5.10: Dy coe cient using mean squared displacemen for: 1-site
(cross), 2-site (circle), 4-site (square), 10-site (diamond), 20-site (triangle
up), 50-site (triangle left), 100-site(triangle down). FENE have closedsym-
bols, FJC data have open symbols. These systemswere under PCF.
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Figure 5.11: Dyy coe cient using mean squared displacemen for: 1-site
(cross), 2-site (circle), 4-site (square), 10-site (diamond), 20-site (triangle
up), 50-site (triangle left), 100-site(triangle down). FENE have closedsym-
bols, FJIC data have open symbols. The systemswere under PCF.
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Figure 5.12: D,, coe cient using mean squared displacemen for: 1-site
(cross), 2-site (circle), 4-site (square), 10-site (diamond), 20-site (triangle
up), 50-site (triangle left), 100-site(triangle down). FENE have closedsym-
bols, FJC data have open symbols. The systemswere under PCF.
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Figure 5.13: The combination Dyy + Dyy for systemsunder PCF, calculated
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5.27 we presen the diagonal correlation functions Cji (t) for PEF of 2-site
to 100-site systems.

We start by comparing the diagonal componerts of the velocity correla-
tion tensor for PEF. Eacdh of the diagonal correlation functions beginswith
a peakat t = 0 and decas to zero as t increases.For some systemsthe
correlation functions have a shallov minimum before an increaseto zero.

At ¢t = 0 the derivative of ead correlation function vanishes. This
property is a consequenceof the correlation function identity %CAB (t) =
Cypg (t) = —Cyg(t) [EMOOQ]. If we take as an example the velocity autocor-

relation function then we have

(u(®)v(0)) = —(v(t)u(0))
= —(u(0)u(t)).
Consequetly,
(1(0)v(0)) = —(u(0)v(0)) = O (5.42)

For equilibrium systemsit can be shovn [HM92] that the secondderiva-
tive of the velocity autocorrelation function is proportional to the mean
squaredforce on a molecule (F?). This can be interpreted as an indication
of the acceleration of moleculesdue to collisions. We can expect a similar
interpretation to be given to the secondderivative out of equilibrium. For
example, for the velocity autocorrelation functions of 20-site moleculesin
Fig. 5.26, the magnitude of the secondderivative of the correlation func-
tions at I = 0.32 and II = 0.72 are much greater for Cyy(0) and C,(0)
than for Cx (0). This then suggeststhat the forcesin the fix direction are
much smaller than the forcesin the fi, and fi, directions. This canthen be
related bad to the aligned structure of the uid that we mertioned in the
last section and in Chapter 4. So for the 20-site moleculesat high strain

rates, collisions transverseto the direction of alignment are much sharper
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than collisionsin the direction of alignment. Indeed, the very shallow slope
of the correlation function Cyy (t) for 20-site systemsat high strain rates
suggeststhat due to the alignment moleculescollide end on in the direc-
tion of alignment and thus poseonly a small obstruction in this direction.
A similar interpretation can be given to the correlation functions of other
molecular weights.

It shouldbe noted that a very similar behaviour is seenin equilibrium ne-
matic liquid crystals, we cite Fig. 15 from Sarman et al. [SEC98].Molecules
in theseliquids have a preferred direction of alignment. It is seenthat the
velocity correlation function for the direction of alignmert is similar to the
function Cxx (t) from our simulations. At the sametime the velocity corre-
lation function in the direction normal to the alignmert is similar to the
behaviour we seefor Cyy(t) and Cz,(1).

Looking at the correlation functions for PEF in Figs. 5.23 through 5.27
we seethat for low strain rates ead of the diagonal componerts is indis-
tinguishable. However, as the strain rate increasesthe initial values of the
velocity autocorrelation functions diverge. In all systemsthe ordering of
these initial valuesis the same: Cyy(0) > C7;(0) > Cxx(0). As the chain
length increaseswe nd that the componerts Cyy(t) and C,(t) corverge.
For 50-site systemsthey are almost indistinguishable. By comparison the
function Cyx (t) becomesquite broad and low.

Similar trends are found in the diagonal correlation functions for systems
under PCF. Here again we seethat the componerts Cyy(t) and C5,(t) are
very similar while the componernt Cyx () is broader and lower. Howewer, the
trend is lesspronouncedunder PCF than it is under PEF.

The o -diagonal terms Cxy (t) and Cyx(t) have beenpreserted for PCF.
Both of thesecorrelation functions beginwith the samevalue since vy (0)vy (0)) =
(vy(0)vx (0)). Closeto equilibrium these initial values are zero and as the

strain rate increasesthey becomenegative and gradually decreaseFor ex-
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ample, 10-site systemsin Fig. 5.19,at I = 1.0 x 10 >and I = 1.0 x 10 3
Cxy (0) = Cyx(0) is almost zero, where as at the higher strain rates II =

5.0 x 10 2 and 1.0 x 10 1! this initial value of the correlation function has
decreasedbelow zero. As the strain rate increasesthe correlation functions
Cxy (t) and Cyx(t) show peaksbetweent = 0.1 and ¢t = 0.2, then ast in-
creaseshoth functions tend to zero. For longer moleculesthe peaksbecome
noticeable at lower strain rates. For example, the peak appears around
II = 5x 10 3 for 4-site moleculescompared with I = 1 x 10 4 for 50-
site molecules.The peakin Cyx(?) is always larger than the peakin Cyy (%).
We also note that for longer moleculesthe peakin Cyy(t) is quite shallov
and this correlation function tendsto onewhich is monotonically increasing.
Sarman, Daivis and Evans [SDE93 have interpreted these peaksin the o -

diagonal correlation functions in terms of collisions of moleculesin aligned
systems.Taking for examplea 20-site systemat I = 1x 10 4 (v = 0.00707)
the o -diagonal correlation functions are shavn in Fig. 5.20. In this system
two moleculeswill be aligned at approximately 30 to the x-axis (seeFig.
4.16in the last chapter), we analysethe scattering of the rst moleculeby a
secondmoleculewhich we supposeto be stationary. If moleculel beginswith

momertum in the positive fiy direction, then after scattering by molecule 2
it will have momertum in the positive fi; direction. The correlation between
the initial motion in the fiy direction and subsequeh motion after the col-
lision in the fy direction givesrise to the peakin the correlation function

Ckxy (t). Collisions of moleculeswith velocity initially in the —fiy give rise to
motion in the fiy and corresponds to the peak in the correlation function

Cyx (t).

Temperature

In addition to dynamic information gained from the velocity autocorrela-

tion functions we are also given someindication of how the kinetic energy
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is partitioned. More speci cally, the kinetic temperature in the z,y and z

directions are

e 1 X m
k

_ m, o m
= N P = (i O ()= £C (0. (5.43)

Where here we usep; and v; to denote the directional component « of
the certre of massmomerntum and velocity respectively of moleculei. Thus
the initial values of the velocity autocorrelation functions C' (0) are pro-
portional to the componert « of the temperature, C  (0) = kT /m.
Baranyai and Cummings [BC95] briey discussthe possibility of ther-
mostating the systemsud that the temperaturesin the three directions are
equal. The method we use here provides an isotropic thermostat, removing
heat equally from ead componert of the momertum. This would give rise
to di erent dynamics and di erent self-di usion coe cien ts. An anisotropic
thermostat would causethe initial peakof the velocity autocorrelation func-
tions to be equal, howeer, the behaviour of the tails would probably be un-
a ected. Consequetly anisotropic thermostats may not changethe trends

in the di usion coe cien ts.

Conclusion

In this chapter we have calculated the di usion tensor and the velocity au-
tocorrelation functions for systemsof both FENE and FJC moleculesunder
PCF and PEF as well as at equilibrium. For PEF this represens the rst
calculation of these properties for molecular systems using NEMD tech-
nigues under extensional ows. In addition the range of molecular weights
preseried hereis the broadestrangefor studiesof di usiv e properties under
either PCF or PEF.

We have opted to usethe MSD method for the calculation of the compo-
nents of the di usion tensor. The expressionwe have usedhasbeenderived

here via a Green-Kubo type calculation starting with microscopic expres-
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sionsfor the tracer density and the tracer ux density. To our knowledgethis
isthe rst explicit derivation in the literature of this expressionfor systems
under ow.

We have found that under both PEF and PCF there is a signi cant
enhancemeh of the di usion in the i, direction and that in most casesthe
increasein the di usion in the fiy, and fi, directions is only small and in some
casegecreasesUnder PEF, in the range of strain rates wherethe alignment
of moleculesis signi cant, we have seenthat the diusion coe cients Dyy
and D, increasewith strain rate with a powerlaw AII wherethe exponent
is weakly dependent on the strain rate.

We have singled out the alignmert of moleculesunder ow as being the
main causefor the anisotropy of the diusion tensor. In particular it was
noted that nematic liquid crystals, in which moleculesare aligned, exhibit
very similar velocity autocorrelation functions despite being in equilibrium.

At very high strain rates we have obsened that the di usion coe cien t
Dyx beginsto decreasewith the strain-rate for both PCF and PEF. Using
the correlation function data, we have beenable to attribute this behaviour
to the decreasean the temperature componert 7.

Anisotropy of di usion hasbeenstudied for dilute solutions of polymers
as well as being studied for liquid crystals. Howewer, to the best of our
knowledge properties of the type that we have obsened here have not been

incorporated into models of short or long exible molecules.
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Figure 5.17: 2-site FENE velocity autocorrelation functions C' (t) under
PCF. The left column preseris the correlation functions Cyy (¢) (full), Cyy(t)
(dotted) and C5;(t) (dashed),the right hand column preseris the functions
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Figure 5.18: 4-site FENE velocity autocorrelation functions C' (t) under

PCF. Symbols are the sameasin Fig. 5.17 on page 181.
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Figure 5.19: 10-site FENE velocity autocorrelation functions C' (¢) under
PCF. Symbols are the sameasin Fig. 5.17 on page 181.
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Figure 5.21: 50-site FENE velocity autocorrelation functions C' (¢) under
PCF. Symbols are the sameasin Fig. 5.17 on page 181.
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Figure 5.22:100-site FENE velocity autocorrelation functions C'  (t) under
PCF. Symbols are the sameasin Fig. 5.17 on page 181.
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Figure 5.24: 4-site FENE velocity autocorrelation functions C' (t) under
PEF. Symbols are the sameasin Fig. 5.23 on page 187.
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Figure 5.25: 10-site FENE velocity autocorrelation functions C' (¢) under

PEF. Symbols are the sameasin Fig. 5.23 on page 187.
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Figure 5.26: 20-site FENE velocity autocorrelation functions C'  (¢) under
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Figure 5.27:100-site FENE velocity autocorrelation functions C'  (¢) under
PEF. Symbols are the sameasin Fig. 5.23 on page 187.
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